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Abstract
Given a generically tame finite-dimensional algebra Λ over an infinite perfect field, we give, for each
natural number d, parametrizations of the indecomposable Λ-modules with dimension d similar to those
occurring for the algebraically closed field case. We parametrize over bounded principal ideal domains,
instead of over rational algebras.
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1. Introduction
An important effort has been made to explore the notion of tameness for general finite-
dimensional algebras over non-algebraically closed fields. The particular case of hereditary
algebras is quite well understood, after the work of Dlab and Ringel (see [17,18,26]), and
also from the work of Crawley-Boevey (see [15]). The last author has pointed out the need
to understand first the hereditary case because this will be needed for the comprehension of
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the general situation, he has particularly underlined this for the possible extensions of Drozd’s
Tame and Wild Theorem; see [19,13]. The results of our paper support this vision since, in
the case of generically tame algebras over infinite perfect fields, the study of finite-dimensional
indecomposables is almost reduced to the case of tame bimodules (see Theorem 1.1). Our main
result appears as Theorem 1.2 below (and in a more complete formulation as Theorem 10.2).
This result provides, for any given generically tame finite-dimensional algebra over an infinite
perfect field and any natural number d , parametrizations over bounded principal ideal domains
for almost every d-dimensional indecomposable module of the given algebra.
Denote by k a fixed ground field and let Λ be any k-algebra (associative, with unit element 1).
Given a Λ-module G, recall that, by definition, the endolength of G is its length as a right
EndΛ(G)op-module. The module G is called generic iff it is indecomposable, of infinite length
as a Λ-module but with finite endolength. The algebra Λ is called generically tame iff, for each
d ∈ N, there are only finitely many isomorphism classes of generic Λ-modules of endolength
d . This notion was introduced by Crawley-Boevey in [14], providing a new definition of
tameness, which coincides with the usual notion of tameness for finite-dimensional algebras
over algebraically closed fields, but which makes sense for arbitrary algebras.
Over an algebraically closed field k, there are various characterizations of tameness. Let us
have in mind the following one [see [8](27.5)/(27.14)]. The finite-dimensional algebra Λ is tame
iff, for each natural number d , there is a finite sequence {(Bi , Zi )}mi=1, where Bi = k[x] fi
is a rational algebra and Zi is a Λ–Bi -bimodule, which is finitely generated as right Bi -
module, such that the functors Zi ⊗Bi − : Bi -Mod−→Λ-Mod preserve isomorphism classes
of indecomposables, and almost every d-dimensional indecomposable Λ-module M is of the
form M ∼= Zi ⊗Bi N , for some i ∈ [1,m] and N ∈ Bi -Mod.
Here, we say that a functor F preserves isomorphism classes of indecomposables iff
F(N ) is indecomposable whenever N is so, and whenever F(N ) ∼= F(N ′) with N and N ′
indecomposables, we have that N ∼= N ′. Also, when we say that almost all modules in a class C
of objects in a category satisfy some property, we mean that every M ∈ C has this property, with
the possible exception of those M lying in a finite union of isomorphism classes in C.
In a first step, we will prove the following statement, for generically tame finite-dimensional
algebras over perfect fields, which provides a family of “parametrizing bimodules”, but instead
of using modules over rational algebras as parameters, we have to use modules over hereditary
algebras B of one of the following three types:
1. B is the matrix algebra

F 0
M G

, where F and G are finite-dimensional division k-algebras
and M is a simple G–F-bimodule where the field k acts centrally. Moreover, dimG M = 2 =
dim MF ; or
2. B is the matrix algebra

F 0
M G

, where F and G are finite-dimensional division k-algebras
and M is a simple G–F-bimodule where the field k acts centrally. Moreover, dimG M = 4
and dim MF = 1, or dimG M = 1 and dim MF = 4; or
3. B is a skew polynomial algebra D[x, α], where D is a finite-dimensional division k-algebra
and α is some automorphism of D.
More precisely, we prove the following result, where the word regular applied to a D[x, α]-
module means that it is finite-dimensional.
Theorem 1.1. Let Λ be a generically tame finite-dimensional algebra over an infinite perfect
field k and let d be a non-negative integer. Then, there is a finite sequence {(Bi , Zi )}mi=1, where
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Bi is one of the hereditary algebras listed above and Zi is a Λ–Bi -bimodule, which is finitely
generated as right Bi -module, satisfying the following.
1. The functor Zi ⊗Bi − : Bi -Mod−→Λ-Mod preserves indecomposability and isomorphism
classes of modules without injective direct summands, if Bi is a hereditary algebra of one of
the types 1 or 2.
2. The functor Zi ⊗Bi − : Bi -Mod−→Λ-Mod preserves indecomposability and isomorphism
classes, if Bi is a hereditary algebra of type 3.
3. Almost every indecomposable Λ-module M with dimk M ≤ d is isomorphic to Zi ⊗Bi N, for
some i ∈ [1,m] and some N ∈ Bi -mod.
4. If {Nu}u∈U and {Mu}u∈U are infinite families of pairwise non-isomorphic indecomposable
regular modules in Bi -mod and B j -mod, respectively, such that Zi ⊗Bi Nu ∼= Z j ⊗B j Mu for
all u ∈ U, then i = j .
The idea of generalized one-parameter families over finite-dimensional algebras was already
considered by Simson in [30](Problem 2.11(a)).
Then, in a second step, we proceed to provide parametrizations over principal ideal domains.
Theorem 1.2. Let Λ be a generically tame finite-dimensional algebra over an infinite perfect
field k and let d be a non-negative integer. Then, there is a finite sequence of bounded principal
ideal domains Γ1, . . . ,Γm and Λ–Γi -bimodules Zˆ1, . . . , Zˆm , which are finitely generated as
right Γi -modules, satisfying the following.
1. The functor Zˆi ⊗Γi − : Γi -Mod−→Λ-Mod preserves indecomposability and isomorphism
classes.
2. Almost every indecomposable Λ-module M with dimk M ≤ d is isomorphic to Zˆi ⊗Γi N, for
some i ∈ [1,m] and some N ∈ Γi -mod.
3. If {Nu}u∈U and {Mu}u∈U are infinite families of pairwise non-isomorphic indecomposable
modules in Γi -mod and Γ j -mod, respectively, such that Zˆi ⊗Γi Nu ∼= Zˆ j ⊗Γ j Mu for all
u ∈ U, then i = j .
The proof of our main result for algebras relies on the theory of differential tensor algebras
(ditalgebras) and reduction functors first developed by the Kiev School of representation theory
of algebras (the same as Drozd’s proof of his Tame and Wild Theorem). For the general
background on ditalgebras and their module categories, we refer the readers systematically to [8].
We tried to give precise references for the basic terminology and ditalgebra constructions. Should
there be some undefined terms, the reader may look for them in the index of [8]. In the following
lines we describe the main ingredients of this writing.
After some preparation, we give in (3.5) an adaptation of the main theorem of [5], which
describes some remarkable extension/restriction interaction between the module category of an
initial subalgebra B of a pregenerically tame ditalgebra A, over an algebraically closed field,
and the module category of A. Then, in Sections 4 and 5, using Kasjan’s work (see [22,23]),
we extend the previous interaction for perfect fields. We consider the scalar extension to the
algebraic closure and we use the scalar extension properties for ditalgebras studied in [8].
In Section 6, we introduce what we call minimal algebras and, based on previous work of
Dlab, Ringel and Crawley-Boevey, we review some basic relations between generically tame
minimal algebras and some principal ideal domains.
In Section 7, we present the process of reduction to minimal algebras, which proves a version
of Theorem 1.1 for ditalgebras; in Section 8, this is done for finite-dimensional algebras over
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perfect fields. Section 9 is devoted to the study of preservation of almost split sequences by
extension functors. This is applied in the last section to give, in our Theorem 10.2, some
description of almost split sequences involving the parametrizing families over the principal
ideal domains given by (1.2), which is similar to the situation occurring for tame algebras in the
algebraically closed field case (see [14](5.4) and [8](32.11)).
When the field k is finite, our results are trivially true for any finite-dimensional k-algebra
Λ. The reasonable problem in the finite field case is to parametrize the indecomposable finite-
dimensional Λ-modules with bounded endolength, which presents other technical difficulties.
This is an interesting problem which is left for later study.
2. Endolength and pregeneric tameness
As usual, given any k-ditalgebra A, we denote by A-Mod the category of A-modules, as
in [8](2.2). The full subcategory of A-Mod formed by the finite-dimensional A-modules is
denoted by A-mod.
Definition 2.1. Let A be a layered ditalgebra, with layer (R,W ); see [8]Section 4. Given
M ∈ A-Mod, denote by EM := EndA(M)op its endomorphism algebra. Then, M admits a
structure of R–EM -bimodule, where m · ( f 0, f 1) = f 0(m), for m ∈ M and ( f 0, f 1) ∈ EM . By
definition, the endolength of M , denoted by endol (M), is the length of M as a right EM -module.
A module M ∈ A-Mod is called pregeneric iff M is indecomposable, with finite endolength
but with infinite dimension over the ground field k. The ditalgebraA is called pregenerically tame
iff, for each natural number d , there are only finitely many isoclasses of pregeneric A-modules
of endolength d .
If B is any k-algebra, we have the corresponding regular ditalgebra A with layer (B, 0).
We identify canonically the categories A-Mod with B-Mod. Thus, if B is a finite-dimensional
algebra, the notions of pregeneric module and pregeneric tameness for the algebra B coincide
with the usual notions of generic module and generic tameness. This is not the case for arbitrary
infinite-dimensional k-algebras. For instance, if B = k(x)[y] and λ ∈ k, then the B-module
B/⟨y − λ⟩ is pregeneric but not generic. The use of the notion pregeneric enables us to present
more precisely some of our arguments.
Lemma 2.2. Assume that ξ : A−→A′ is a morphism of layered ditalgebras and consider the
functor Fξ : A′-Mod−→A-Mod induced by restriction using the morphism ξ . Given M ∈
A′-Mod, we always have endol (Fξ (M)) ≤ endol (M). If Fξ is full, then we have the equality
endol (M) = endol (Fξ (M)). Moreover, if Fξ is an equivalence, then A is pregenerically tame
iff A′ is so.
Proof. Given any A′-module M , we have the algebras EM := EndA′(M)op and EFξ (M) :=
EndA(Fξ (M))op. The functor Fξ induces a morphism of algebras EM −→ EFξ (M) such that
( f 0, f 1) → ( f 0, f 1ξ1). Then, every chain of EFξ (M)-submodules of Fξ (M) is a chain of
EM -submodules of M and, therefore, we obtain endol (Fξ (M)) ≤ endol (M). Whenever the
functor Fξ is full, the converse holds and we obtain the equality endol (M) = endol (Fξ (M)). If,
moreover, Fξ is an equivalence, it induces a bijection between the corresponding isoclasses of
pregeneric modules of a given endolength. 
Reminder 2.3. Throughout this work, given a ditalgebra A = (T, δ), in agreement with [8], we
denote with a roman A the subalgebra [T ]0 of degree zero elements of the underlying graded
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algebra T of A; see [8]Section 1. Then, the categories A-Mod and A-Mod share the same class
of objects, but there are more morphisms in A-Mod. There is a canonical embedding
LA : A-Mod−→A-Mod
which is the identity on objects and LA( f 0) = ( f 0, 0) for any f 0 ∈ HomA(M, N ). The functor
LA is additive and if A is a Roiter ditalgebra, it maps exact sequences onto exact pairs. In
this case, if (R,W ) denotes the layer of A, then the images under LA of the exact sequences
in A-Mod which split in R-Mod represent the conflations in the canonical exact structure of
A-Mod; see [8]Section 6. This exact structure will be relevant in Section 9.
We recall some terminology from [8,5]. Let A = (T, δ) be any ditalgebra with layer (R,W ).
Assume that we have R–R-bimodule decompositions W0 = W ′0 ⊕ W ′′0 and W1 = W ′1 ⊕ W ′′1 .
Consider the subalgebra T ′ of T generated by R and W ′ = W ′0 ⊕ W ′1, and the subalgebra
A′ of A generated by R and W ′0. Let us assume furthermore that δ(W ′0) ⊆ A′W ′1 A′ and
δ(W ′1) ⊆ A′W ′1 A′W ′1 A′. Then, the differential δ on T restricts to a differential δ′ on the algebra
T ′ and we obtain a new ditalgebra A′ = (T ′, δ′) with layer (R,W ′). A layered ditalgebra A′ is
called a proper subditalgebra of A if it is obtained from an R–R-bimodule decomposition of W
as we have just described.
A proper subditalgebra A′ of a triangular ditalgebra A is called initial when its triangular
filtrations coincide with the first terms of the triangular filtrations of A; see [8](14.8).
The inclusion r : T ′−→ T yields a morphism of ditalgebras r : A′−→A and, hence, a
restriction functor (see [8](2.4))
RAA′ := Fr : A-Mod−→A′-Mod.
The projection π : A = [T ]0 −→[T ′]0 = A′ yields an extension functor
E AA′ := Fπ : A′-Mod−→ A-Mod.
Since there is no danger of confusion, we forget subindices and superindices in restriction and
extension functors.
Let A = (T, δ) be a ditalgebra with layer (R,W ). Then, an algebra B is called a proper
subalgebra of A if and only if B = [T ′]0, for some proper subditalgebra A′ = (T ′, δ′) of A
associated to R–R-bimodule decompositions W0 = W ′0 ⊕ W ′′0 and W1 = W ′1 ⊕ W ′′1 , where
W ′1 = 0.
Lemma 2.4. Assume that A′ is a proper subditalgebra of the pregenerically tame layered
ditalgebra A. Let E : A′-Mod−→ A-Mod denote the extension functor. Then, we have the
following.
1. The module E(M) is indecomposable inA-Mod, whenever M is indecomposable inA′-Mod.
2. E(M) ∼= E(N ) in A-Mod implies that M ∼= N in A′-Mod.
3. If A′ is a proper subalgebra of A, we have
endol (E(M)) = endol (M), for any M ∈ A′-Mod.
Thus, the algebra A′ is pregenerically tame, whenever A is so.
Proof. Denote by R : A-Mod−→A′-Mod the restriction functor. Recall that if ξ : A′−→A
denotes the inclusion of ditalgebras and π : A−→ A′ denotes the canonical projection of
algebras, then R = Fξ is induced by restriction using ξ and E is induced by restriction using π .
It follows that RE(M) = M , for any A′-module M . Then, the first two items are clear.
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Given M ∈ A′-Mod, we apply (2.2) to the morphism ξ and to the module E(M), to
obtain endol (M) = endol (RE(M)) ≤ endol (E(M)). If A′ is a subalgebra of A, then the
rule ( f 0, 0) → ( f 0, 0) makes E a functor A′-Mod−→A-Mod such that RE = 1A′-Mod. In
particular, R is a full functor and we can apply (2.2) to get the equality in 3.
If the subalgebra A′ of A had an infinite family of pairwise non-isomorphic pregeneric
modules with bounded endolength, their image under E would be an infinite family of pairwise
non-isomorphic pregeneric A-modules with bounded endolength. 
From (2.2), we immediately obtain the following two lemmas.
Lemma 2.5. Let A = (T, δ) be a ditalgebra with layer (R,W ) over a field k. Suppose that Ad
is obtained from A by deletion of some idempotents of R, as in [8](8.17). Then, Ad is a layered
ditalgebra and the associated reduction functor Fd : Ad -Mod−→A-Mod is full, faithful and
preserves endolength. Therefore, Ad is pregenerically tame whenever A is so.
Lemma 2.6. Let A = (T, δ) be a ditalgebra with layer (R,W ) over a field k. Assume that we
have the R–R-bimodule decompositions W0 = W ′0 ⊕ W ′′0 and W1 = δ(W ′0) ⊕ W ′′1 . Suppose
that Ar is obtained from A by regularization of the bimodule W ′0, as in [8](8.19). Then, Ar is a
layered ditalgebra and the associated reduction functor Fr : Ar -Mod−→A-Mod is full, faithful
and preserves endolength. Therefore, Ar is pregenerically tame whenever A is so.
Lemma 2.7. Let A be a layered ditalgebra over a field k. Assume that AX is the layered
ditalgebra obtained fromA by reduction, using the B-module X, where B is an initial subalgebra
of A and X is a finite direct sum of finite-dimensional indecomposable B-modules; see [8](12.9).
Assume that X is a complete admissible triangular B-module and consider the associated functor
FX : AX -Mod−→A-Mod, as in [8](12.10). Then, for all N ∈ AX -Mod, we have that
endol (FX (N )) ≤ dimk X × endol (N ).
Moreover, AX is pregenerically tame, whenever A is so.
Proof. Suppose A has layer (R,W ). Assume that Γ = EndB(X)op = S ⊕ P is a splitting
where P is the radical, thus AX has layer (S,W X ). From [8](13.5), we know that FX is full
and faithful. Take N ∈ AX -Mod and consider the k-algebra E := EndAX (N )op. We have the
isomorphism E ∼= EndA(FX (N ))op induced by FX , which provides, by restriction, a structure
of right E-module on FX (N ). Clearly, endol (FX (N )) = ℓE (FX (N )) and, hence, all we have to
do is to show that ℓE (FX (N )) ≤ dimk X × ℓE (N ).
We will adapt the proof of [8](25.7), since we have the AX –E-bimodule N , with bimodule
structure αN : E I d−→EndAX (N )op, and the A–E-bimodule FX (N ), having the A–E-bimodule
structure αFX (N ) : E −→EndA(FX (N ))op, which interest us. Recall that the triangular bimodule
X admits a right additive B–S-bimodule filtration F(X) : 0 = X0 ⊆ X1 ⊆ · · · ⊆ XℓX = X,
such that X t P ⊆ X t−1, for all t ∈ [1, ℓX ]. We know that N ∈ AX –E-Mod is an S–E-bimodule
via ne := αN (e)0(n), where αN : E −→EndAX (N )op is the given A–E-bimodule structure of
N ∈ AX –E-Mod, n ∈ N and e ∈ E .
Thus, each X t ⊗S N inherits a natural structure of an R–E-bimodule. Namely, (x ⊗ n) ⋆ e :=
x ⊗ (ne), for x ∈ X t and n ∈ N . We denote the length of submodules or quotients of these
modules with the symbol ℓ⋆E .
Recall from [8](12.10) and [8](21.3), that for any elements e ∈ E , n ∈ N and x ∈ X , we
have

αFX (N )(e)
0 [x ⊗ n] = FX (αN (e))0[x ⊗ n] = x ⊗αN (e)0(n)+ξ xpξ ⊗αN (e)1(γξ )[n],
where (pξ , γξ )ξ is a dual basis for the projective right S-module P .
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Consider the structure of R–E-bimodule on FX (N ) = X ⊗S N determined by the A–E-
bimodule F EX (N ), that is (x⊗n)·e = αFX (N )(e)0[x⊗n], for x ∈ X and n ∈ N . From the previous
formula for αFX (N )(e)
0 we immediately obtain that each X t ⊗S N is an R–E-subbimodule of
FX (N ). We write the length of submodules or quotients of these modules with the symbol ℓE .
As in the proof of [8](25.7), we show by induction on t that ℓ⋆E (X
t ⊗S N ) = ℓE (X t ⊗S N ),
for any t ∈ [0, ℓX ]. If we write d := dimk X , we have that the right S-module X is a quotient of
the free module Sd . Then, for t = ℓX , we have X = X t and
ℓE (FX (N )) = ℓE (X ⊗S N ) = ℓ⋆E (X ⊗S N ) ≤ ℓ⋆E (Sd ⊗S N ) = d × ℓE (N ).
Finally, if we assume that AX is not pregenerically tame, we have an infinite family of pairwise
non-isomorphic pregeneric AX -modules with bounded endolength. Then, applying the full and
faithful functor F X to them, we obtain an infinite family of pairwise non-isomorphic pregeneric
A-modules of bounded endolength. Hence, A is not pregenerically tame. 
We recall the definition of wildness.
Definition 2.8. A ditalgebraA = (T, δ) over the field k is wild if there is an A–k⟨x, y⟩-bimodule
Z , free of finite rank as a right k⟨x, y⟩-module, such that the composition functor
k⟨x, y⟩-Mod Z⊗k⟨x,y⟩−−−−−−−→ A-Mod LA−→A-Mod
preserves isomorphism classes of indecomposables, where A = [T ]0 and LA is the canonical
embedding.
Proposition 2.9. Any pregenerically tame layered ditalgebra A is not wild.
Proof. Consider, for any monic irreducible element p ∈ k(x)[y], the k⟨x, y⟩-module Hp :=
k(x)[y]/⟨p⟩, where k⟨x, y⟩ acts by restriction via the epimorphism of algebras
k⟨x, y⟩−→ k[x, y] −→ k(x)[y].
Then, {Hp}p is an infinite family of pairwise non-isomorphic generic k⟨x, y⟩-modules of
endolength 1. Assume that A is wild and adopt the notation of the previous definition, assuming
that the rank of Z as a right k⟨x, y⟩-module is n, and make F := Z ⊗k⟨x,y⟩−. Then, we have
an infinite family {F(Hp)}p of pairwise non-isomorphic indecomposable A-modules. We can
easily adapt the proof of [8](31.4), to obtain that endol (F(Hp)) ≤ n × endol (Hp). Since Z is
free of finite rank as a right k⟨x, y⟩-module, each Z ⊗k⟨x,y⟩ Hp is infinite-dimensional. 
3. Admissibility and restrictions
Definition 3.1. Let A = (T, δ) be a triangular ditalgebra, with layer (R,W ), over any field k.
Then,
1. A is called admissible iff R ∼= D1×· · ·×Dn , for some finite-dimensional division k-algebras
D1, . . . , Dn , and W is finitely generated as an R–R-bimodule.
2. A is called almost admissible iff R ∼= Mm1(D1)×· · ·×Mmn (Dn), for some finite-dimensional
division k-algebras D1, . . . , Dn and W is finitely generated as an R–R-bimodule.
Example 3.2. If the field k is perfect, any finite-dimensional k-algebra Λ splits over its radical,
thus Λ = S ⊕ J , where J is the radical of Λ. Then, we can consider the Drozd’s ditalgebra
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D = DΛ of Λ, as in [8](19.1). It is an almost admissible k-ditalgebra, which is admissible if and
only if Λ is basic.
If K is any field extension of the perfect field k andA is an admissible ditalgebra over k, then
the extended ditalgebra AK is an almost admissible ditalgebra over K (see [8]Section 20).
Proposition 3.3. Assume thatA = (T, δ) is an almost admissible ditalgebra, with layer (R,W ),
over any field k. Then, there is an admissible ditalgebra Ab and an equivalence of categories
Fb : Ab-Mod−→A-Mod. Moreover, there are positive integers c, c′ ∈ N such that, for every
N ∈ Ab-Mod,
dimk N ≤ dimk Fb(N ) ≤ c × dimk N
endol (N ) ≤ endol (Fb(N )) ≤ c′ × endol (N ).
We call Ab the basification of A. Thus, Ab is pregenerically tame iff A is so.
If A′ is an initial subditalgebra of A, we can simultaneously basify A and A′, obtaining that
A′b is an initial subditalgebra of Ab and the commutative diagram
Ab-Mod F
b−→ A-Mod
Rb
 R
A′b-Mod F
′b−→ A′-Mod
where Rb, R denote restriction functors and Fb, F ′b are the corresponding equivalence functors.
Moreover, Fb Eb(M) = E F ′b(M), for any M ∈ A′b-Mod, where Eb : A′b-Mod−→ Ab-Mod
and E : A′-Mod−→ A-Mod are the corresponding extension functors.
Proof. Adopt the notation of the second item in the last definition. Choose an indecomposable
projective Mmi (Di )-module X i , for each i ∈ [1, n]. Then we have a finite family X1, . . . , Xn
of pairwise non-isomorphic finite-dimensional indecomposable R-modules, and any finite-
dimensional indecomposable projective R-module is isomorphic to one of them. Consider the
R-module X := X1 ⊕ · · · ⊕ Xn .
We identify the initial subditalgebra B with layer (R, 0) of A with its underlying t-algebra
R. Denote by ei the primitive idempotent corresponding to the direct summand X i ∼= Rei of
R, and make e = ni=1 ei . Then, X ∼= Re and Γ = EndR(X)op ∼= eRe has zero radical
P = erad (R)e = 0. Thus, Γ = S ⊕ P splits over its radical P = 0. The algebra S is basic
because the indecomposable direct summands of X are non-isomorphic. From [8](5.6), we know
that B is a Roiter ditalgebra. Since EndR(X i )op ∼= ei Rei ∼= Di is a division algebra for each
i ∈ [1, n], from [8](17.1)–(17.2), the B-module X is admissible. The B-module X is complete
by [8](13.3), see [8](12.4), and it is triangular by [8](17.4). Then, the ditalgebraAX is triangular,
with layer (S,W X ), its natural triangular structure is described in [8](14.10). Hence, Ab := AX
is an admissible ditalgebra.
From [8](13.5), we know that Fb := FX : Ab-Mod−→A-Mod is full and faithful. There is
an isomorphism of R-modules X ⊗S HomR(Re, M) ∼= M , for each M ∈ R-Mod; see [1](6.10).
It follows, from [8](25.5) that Fb is a dense functor.
Consider the canonical decomposition 1X = f1+· · ·+ fn of the unit of Γ as a sum of primitive
orthogonal idempotents; thus fi is the composition X
πi−→ X i σi−→ X of the corresponding
injection and projection, for i ∈ [1, n]. Then, for any given N ∈ Ab-Mod, we have isomorphisms
of R-modules Fb(N ) = X ⊗S N ∼= ⊕ni=1 X fi ⊗S fi fi N ∼= ⊕ni=1( fi N )di , where di denotes the
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dimension of X fi over the division algebra S fi , for each i ∈ [1, n]. Notice that X fi = X i ≠ 0,
for all i , thus di ≠ 0, and take c := max{d1, . . . , dn}. Then, dimk N ≤ dimk Fb(N ) =
i di dimk fi N ≤ c

i dimk fi N = c dimk N .
The algebra E = EndAX (N )op acts on N by ne = e0(n), for n ∈ N and e ∈ E . The
same algebra E acts on F X (N ) by restriction through the isomorphism E −→EndA(FX (N ))op
induced by the functor FX . Since P = 0, we have FX (e)0 = 1X ⊗ e0, and this last action
is given by (x ⊗ n)e = x ⊗ e0(n) = x ⊗ ne, for x ∈ X , n ∈ N and e ∈ E . Then,
endol (FX (N )) = ℓE (FX (N )) = ℓE (X ⊗S N ) = ℓE (⊕ j X f j ⊗S f j f j N ) =

j d jℓE ( f j N ) ≥
ℓE (N ) = endol (N ). We can use this fact and (2.7) to obtain the inequalities involving endolength
in the statement of our proposition.
For the proof of the last statement of our proposition, see [5](3.5) and [5](3.10). 
Lemma 3.4. Every admissible ditalgebra A, over an algebraically closed field k, is a nested
ditalgebra, as in [8](23.5).
Proof. We have that the layer (R,W ) of A is such that R ∼= D1 × · · · × Dn , for some finite-
dimensional division k-algebras. Since, k is algebraically closed, Di = k, for all i ∈ [1, n]. Thus,
R ∼= k×· · ·× k: a product of n copies of k. Consider the decomposition 1 =ni=1 ei of the unit
of R as a sum of central primitive orthogonal idempotents.
Let us recall an argument of [8](15.7), which shows that any R–R-bimodule V is of the
form V ∼= ⊕α∈A Ret (α)⊗k es(α)R, where A is a set and α → (s(α), t (α)) is the receipt of
some map A → [1, n]2. Indeed, V is a left R⊗k Rop-module, and R⊗k Rop is a semisimple
finite-dimensional k-algebra, which decomposes as R⊗k Rop = ⊕i, j Rei ⊗k e j Rop. Since,
Rei ∼= k ∼= e j Rop, the simple R⊗k Rop-modules are of the form Rei ⊗k e j Rop.
Then, we can apply this argument separately to each term of the triangular filtrations of W0
and W1, to obtain that they are all freely generated by finite filtered directed subsets. Thus, A is
a nested ditalgebra. 
Theorem 3.5. Assume that A′ is an initial subditalgebra of the pregenerically tame almost
admissible ditalgebra A, over the algebraically closed field k. Consider the extension functor
E : A′-Mod−→ A-Mod and the restriction functor R : A-Mod−→A′-Mod. Then, for any d ∈
N, there is a finite family I(d) of indecomposableA′-modules such that, for any indecomposable
A-module M with dimk M ≤ d and M  E(N ) in A-Mod, for any N ∈ A′-Mod, the module
R(M) is isomorphic in A′-Mod to a direct sum of modules of I(d).
Proof. Consider the basifications Ab and A′b of A and A′, respectively, and adopt the notations
of (3.3). From (3.4), the ditalgebrasAb andA′b are seminested andA′b is an initial subditalgebra
of Ab. Moreover, Ab is also pregenerically tame, and hence, from (2.9), it is a non-wild
seminested ditalgebra. Hence, from Drozd’s theorem, Ab is a tame seminested ditalgebra;
see [8](27.10). Then, we can apply [5](4.1). Given d ∈ N, there exists a finite family Ib(d) of
indecomposableA′b-modules such that, for any indecomposableAb-module N with dimk N ≤ d
and N  Eb(N ′), for any N ′ ∈ A′b-Mod, then Rb(N ) is isomorphic in A′b-Mod to a direct sum
of modules in Ib(d).
Consider the finite family I(d) consisting of the indecomposable A′-modules of the form
F ′b(L), with L ∈ Ib(d). Take any indecomposable A-module M with dimk M ≤ d and
M  E(M ′), for any M ′ ∈ A′-Mod. Consider N ∈ Ab-Mod such that Fb(N ) ∼= M . Then,
dimk N ≤ dimk Fb(N ) = dimk M ≤ d . From (3.3), we see that N  Eb(N ′), for any
N ′ ∈ A′b-Mod. Thus, Rb(N ) ∼= ⊕i L i , for some L i ∈ Ib(d), and also R(M) ∼= RFb(N ) ∼=
F ′b Rb(N ) ∼= ⊕i F ′b(L i ). 
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Now, we show a couple of examples of a pregenerically tame ditalgebra A and an initial
subditalgebra A′ where our theorem applies.
Example 3.6. Consider the k-algebra R := k×k×k×k and the corresponding decomposition of
the unit of R as a sum of primitive central orthogonal idempotents 1 = e1+· · ·+e4. Consider the
R–R-bimodule R⊗k R and its elements α := e4 ⊗ e1, β := e2 ⊗ e4, αˆ := e4 ⊗ e3, βˆ := e3 ⊗ e4,
x := e1 ⊗ e3 and y := e3 ⊗ e2. Then, we have the R–R-bimodules W0 = kα ⊕ kβ ⊕ kαˆ ⊕ kβˆ,
W1 = kx ⊕ ky and W := W0 ⊕ W1. Consider the tensor algebra T := TR(W ) and the R–R-
bimodule morphism δ : W −→ T defined by δ(α) = 0, δ(β) = 0, δ(αˆ) = αx , δ(βˆ) = yβ,
δ(x) = 0 and δ(y) = 0. We can extend this map to a differential δ : T −→ T , using [8](4.4).
Then, we obtain a ditalgebra A = (T, δ) which admits a triangular layer (R,W ), with triangular
filtrations of W0 and W1, respectively, given by
0 ⊆ kα ⊆ kα ⊕ kβ ⊆ kα ⊕ kβ ⊕ kαˆ ⊆ kα ⊕ kβ ⊕ kαˆ ⊕ kβˆ = W0
and
0 ⊆ kx ⊆ kx ⊕ ky = W1.
Consider the R–R-bimodule decompositions W0 = W ′0 ⊕ W ′′0 and W1 = W ′1 ⊕ W ′′1 , given
by W ′0 = kα ⊕ kβ ⊕ kαˆ, W ′′0 = kβˆ, W ′1 = kx and W ′′1 = ky. Then, we can look at the
proper subditalgebra A′ of A determined by the given R–R-bimodule decompositions. That is
A′ = (T ′, δ′), where T ′ is the subalgebra of T generated by R and W ′ = W ′0 ⊕W ′1, and δ′ is the
restriction of δ. Then, the ditalgebraA′ is an initial subditalgebra ofA. It has the triangular layer
(R,W ′) with triangular filtrations
0 ⊆ kα ⊆ kα ⊕ kβ ⊆ kα ⊕ kβ ⊕ kαˆ = W ′0 and 0 ⊆ kx = W ′1.
Thus the structure of the layer ofA′ is inherited from the structure of the layer ofA. In fact,A is a
seminested ditalgebra, and so isA′. The corresponding attached bigraphs B and B′, see [8](23.9),
are the following:
Moreover, we have the extension functor E AA′ : A′-Mod−→ A-Mod, where A is the path
algebra of the quiver Q obtained from B after the deletion of the dashed arrows x and y, and A′
is the path algebra of the quiver Q′ obtained from B′ forgetting the dashed arrow x . The action
of this extension functor on any A′-module, that is on any representation of Q′, is the following:
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The restriction functor RAA′ : A-Mod−→A′-Mod on anyA-module, that is on any A-module or
representation of the quiver Q, is the following:
In fact, if we consider the finite-dimensional tame algebra Λ given by the following quiver
as a ditalgebra B with trivial differential and layer (S,U ) with S = k×k×k, U0 = kα⊕kβ⊕kγ
and U1 = 0. Then, B = Λ and B-Mod can be naturally identified with Λ-Mod. Then, the
ditalgebraA is obtained from B by reduction of the edge γ , as described in [8](23.18). Therefore,
A is pregenerically tame. In this case, the conclusion of the theorem is quite trivial because A′
has finite representation type.
Example 3.7. Let S be the partially ordered set with underlying set X = {a1, . . . , a8} and partial
order defined by the following graph
Consider the ditalgebra A = AS associated to the poset S, as in [8](34.1) and [8](34.2). Then,
AS is the seminested ditalgebra associated to the bigraph B: with set of points X ∪ {b}, solid
arrows αi : ai → b, for each ai ∈ X , and dashed arrows vi, j : a j 99K ai iff ai < a j , and
differential δ defined by
δ(α j ) = −

ai<a j
αivi, j and δ(vi, j ) =

ai<at<a j
vi,tvt, j .
For instance, we have δ(α3) = −α2v2,3 − α4v4,3 − α5v5,3 and δ(v5,3) = v5,4v4,3. Then, we can
consider very natural triangular filtrations for A in such a way that the following ditalgebra A′
of A appears as an initial subditalgebra. The seminested ditalgebra A′ has bigraph B′ with the
same points of B, and is obtained from the last one by forgetting the solid arrows α3 and α6, as
well as the dashed arrows v2,3, v4,3, v5,3, v5,6, v7,6 and v8,6.
Consider the subset X ′ = {a1, a2, a4, a5, a7, a8} of X and denote by S′ the full subposet
of S with underlying set X ′. Then, the ditalgebra AS′ associated to the poset S′ is obtained
from A′ by deletion of the points a3 and a6, and we have the corresponding reduction functor
Fd : AS′ -Mod−→A′-Mod.
According to Zavadskij’s theorem, see [31](15.75), the posets S and S′ are both tame and with
only one one-parameter family of indecomposables for each dimension vector. From [8](34.7),
we know that the category of representations of the poset S′ is representation equivalent
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to AS′ -Mod. Thus, the last one has an infinite family {Mλ}λ of pairwise non-isomorphic
indecomposables with bounded dimension. Then, the full and faithful functor Fd maps this
family onto the family {Fd(Mλ)}λ of pairwise non-isomorphic indecomposable A′-modules
with bounded dimension. It is also a family of pairwise non-isomorphic A′-modules. Applying
the extension functor E AA′ : A′-Mod−→ A-Mod gives the infinite family {E AA′(Fd(Mλ))}λ of
A-modules. This is a family of pairwise non-isomorphic indecomposable A-modules because
RAA′ E
A
A′(F
d(Mλ)) = Fd(Mλ) and the restriction functor RAA′ : A-Mod−→A′-Mod is additive.
Thus, we have an infinite family {E AA′(Fd(Mλ))}λ of pairwise non-isomorphic indecomposableA-modules with bounded dimension which are extended from A′-modules. Here, we have that
A is tame and, hence, it is pregenerically tame; see [6](2.8).
4. Scalar extension and generic tameness
Let us recall some usual notation.
Notation 4.1. Given a finite-dimensional algebraΛ over any field k, denote byP(Λ) the category
of morphisms between projective Λ-modules. If we write J := radΛ, then P1(Λ) denotes the
full subcategory of P(Λ) whose objects are the morphisms α : P −→ Q with image contained
in J Q, and P2(Λ) denotes the full subcategory of P1(Λ) whose objects are the morphisms
α : P −→ Q with kernel contained in J P . If Λ splits over its radical, we can consider Drozd’s
ditalgebra D = DΛ, as in [8](19.1), and the usual equivalence functor ΞΛ : D-Mod−→P1(Λ);
see [8](19.8).
Definition 4.2. We say that an almost admissible ditalgebra A, over a perfect field k, is
constructible iff there is a finite sequence of reductions
DΛ = D −→ Dz1 −→ Dz1z2 −→ · · · −→ Dz1···zt ,
where DΛ is Drozd’s ditalgebra of some finite-dimensional k-algebra Λ and there is an
isomorphism of layered ditalgebras Dz1···zt ∼= A, for some finite set of reductions Dz1···zi−1 −→
Dz1···zi of either of the types described in (2.5) or in (2.6) or in (2.7). In this case, we also say
that A is constructible from Λ.
In this paper, we will mainly consider admissible ditalgebras which are constructible from
basic algebras. But sometimes, it is convenient to work with non-basic algebras, because of the
following.
Lemma 4.3. Let k be a perfect field and assume that an almost admissible k-ditalgebra A is
constructible from the finite-dimensional algebra Λ. Then, for any field extension K of k, the
K -ditalgebra AK is constructible from the finite-dimensional algebra ΛK .
Proof. Adopt the notation of last Definition 4.2. Then, our statement follows from the existence
of a chain of isomorphisms of layered ditalgebras
AK ∼= Dz1···zt K ∼= Dz1···zt−1 K zt ∼= · · · ∼= Dz1 K z2···zt ∼= DK z1···zt ∼= (DΛK )z1···zt .
Let us be more precise. Since k is perfect, Drozd’s ditalgebra DΛK of the algebra ΛK can be
identified with DK through an isomorphism of layered ditalgebras; see [8](20.13). Once this
identification has been made, it is clear that the same sequence of reductions (of type z1, . . . , zt )
produce isomorphic layered ditalgebras. This was schematized by the last isomorphism of
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the sequence displayed above. By assumption, there is an isomorphism of layered ditalgebras
ξ : A−→Dz1···zt , which induces the isomorphism of layered ditalgebras ξ K : AK −→Dz1···zt K .
This corresponds to the first isomorphism of the displayed sequence.
For each one of the other isomorphisms, we have to look separately at the possible type of
reduction at each step.
If, at step i , we consider a reduction by an admissible module X i , denote by Bz1···zi−1 the
initial subalgebra ofDz1···zi−1 , which is used to perform the corresponding reduction. Thus, X i ∈
Bz1···zi−1 -mod. In such case, from [8](20.9), the module X i extends to K and, from [8](20.11),
X Ki is an admissible Bz1...zi−1 K -module, where Bz1...zi−1 K is an initial subalgebra of Dz1...zi−1 K .
Moreover, there is an isomorphism ξi : Dz1···zi−1 K X Ki −→Dz1···zi−1zi K of layered ditalgebras.
Once again, if we identify these layered ditalgebras, the same sequence of reductions (of type
zi+1, . . . , zt ) produce isomorphic layered ditalgebras.
Now, in the case that the reduction at step i is a regularization as in (2.6), from [8](20.5),
there is an isomorphism ξi : Dz1···zi−1 Kr K −→Dz1···zi−1zi K of layered ditalgebras. Here, the
regularization denoted by r K is determined by the RK -bimodule decompositions W K0 = W ′K0 ⊕
W ′′K0 and W K1 = δK (W ′K0 )⊕ W ′′K1 .
The case where the reduction at step i is a deletion of idempotents, as in (2.5), is treated in a
similar way, now using [8](20.4). 
Lemma 4.4. Given a finite-dimensional algebra Λ, over any field k, which splits over its radical,
consider the Drozd’s ditalgebra D = DΛ, the equivalence functor ΞΛ : D-Mod−→P1(Λ) and
the cokernel functor Cok : P1(Λ)−→Λ-Mod. Assume that N ∈ D-Mod and M ∈ Λ-Mod are
such that ΞΛ(N ) ∈ P2(Λ) and M ∼= CokΞΛ(N ). Then, we have the following inequalities:
1. dimk M ≤ dimk Λ× dimk N
2. dimk N ≤ (1+ dimk Λ) dimk Λ× dimk M
3. endol (N ) ≤ (1+ dimk Λ)× endol (M)
4. endol (M) ≤ dimk Λ× endol (N ).
Proof. We may assume that M = CokΞΛ(N ). Suppose that X := ΞΛ(N ) = (P, Q, φ) ∈
P2(Λ), then we have a minimal projective presentation of M
P
φ−→ Q−→ M −→ 0.
Assume moreover that Λ = S ⊕ J is the splitting of Λ over its radical J .
(1) From [8](22.19), we have dimk P/J P + dimk Q/J Q = dimk N . Then, as in the proof
of [8](29.5), one shows that
dimk M ≤ dimk Q ≤ dimk Λ× dimk Q/J Q ≤ dimk Λ× dimk N .
(2) From [8](27.13), we know that ℓΛ(P/J P) ≤ dimk Λ× dimk M and also that ℓΛ(Q/J Q) ≤
dimk M . Then, from [8](22.19), we obtain
dimk N = dimk(P/J P)+ dimk(Q/J Q)
≤ (dimk Λ)ℓS(P/J P)+ (dimk Λ)ℓS(Q/J Q)
≤ (dimk Λ)[ℓΛ(P/J P)+ ℓΛ(Q/J Q)]
≤ (dimk Λ)[dimk Λ× dimk M + dimk M].
(3) Consider the endomorphism algebras E := EndP(Λ)(X)op, E ′ := EndD(N )op and E :=
EndΛ(M)op. Then, we have the D–E ′-bimodule N ∈ D–E ′-Mod with bimodule structure
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given by the algebra morphism I d : E ′−→ E ′; by restriction, we have the D–E-bimodule
N ∈ D–E-Mod with bimodule structure given by the algebra morphism Ξ−1Λ : E −→ E ′. Then,
the functor Ξ EΛ : D–E-Mod−→P1(Λ)E maps N onto Ξ EΛ (N ) = X , where X denotes the object
X equipped with the bimodule structure map I d : E −→ E , see [8](21.9). Then, from [8](21.10)
and [8](29.5), we have
endol (N ) = ℓE ′(N ) = ℓE (N ) = ℓE (P/J P)+ ℓE (Q/J Q) ≤ (1+ dimk Λ)× ℓE (M).
Since E is a quotient of E , we also have that ℓE (M) ≤ ℓE (M) = endol (M), and we have the
third inequality.
(4) With the notation fixed above, assume that endol (N ) is finite. From the above arguments,
ℓE (Q/J Q) and ℓE (P/J P) are finite. Then, look at the proof of [8](29.5), where it is shown
that s := ℓE (Q) ≤ dimk Λ × ℓE (Q/J Q) (and, similarly, we have that ℓE (P) ≤ dimk Λ ×
ℓE (P/J P)). If we consider the projection π : Q−→ M and a composition series 0 ⊆ Qs ⊆
· · · ⊆ Q1 ⊆ Q0 = Q of the right E-module Q, then we obtain an E-module filtration
0 ⊆ π(Qs) ⊆ · · · ⊆ π(Q1) ⊆ π(Q0) = M such that every factor is either zero or a simple
E-module. Hence, ℓE (M) ≤ ℓE (Q). The last filtration is also a filtration of E-modules, hence
endol (M) = ℓE (M) ≤ ℓE (Q) ≤ ℓE (P)+ ℓE (Q). Thus,
endol (M) ≤ dimk Λ× [ℓE (P/J P)+ ℓE (Q/J Q)] = dimk Λ× endol (N ). 
Corollary 4.5. Let Λ be a finite-dimensional algebra over any field k, which splits over its
radical. Then, the algebra Λ is generically tame iff its Drozd’s ditalgebra D is pregenerically
tame.
Proof. Assume first that D is not pregenerically tame, then there is a positive number d ∈ N and
an infinite family of pairwise non-isomorphic pregeneric D-modules {Gi }i∈I with endolength
≤ d. Notice that there are only finitely many indecomposable isoclasses in P1(Λ) \ P2(Λ),
those represented by objects of the form (P, 0, 0) where P is an indecomposable projective
Λ-module; see [8](18.9). For i ∈ I , the pregeneric D-module Gi is infinite-dimensional, then
ΞΛ(Gi ) ∈ P2(Λ). Indeed, the indecomposable object ΞΛ(Gi ) cannot be isomorphic to (P, 0, 0)
because either the domain or the codomain of ΞΛ(Gi ) is infinite-dimensional. From the fourth
inequality of last lemma, we know that, for each one of them, we have endol (CokΞΛ(Gi )) ≤
dimk Λ × endol (Gi ) ≤ d × dimk Λ. Then, Λ is not generically tame, because there is an
infinite family {CokΞΛ(Gi )}i∈I of pairwise non-isomorphic generic Λ-modules with bounded
endolength.
Now, assume that Λ is not generically tame and consider an integer d ∈ N and a family
of pairwise non-isomorphic generic Λ-modules {Gi }i∈I with endolength bounded by d . Choose
indecomposableD-modules {Hi }i∈I inD-Mod such that CokΞΛ(Hi ) ∼= Gi . Then, from the third
inequality of the last lemma, we obtain that each Hi is a pregeneric D-module with endolength
bounded by (1+ dimk Λ)× d . Hence, D is not pregenerically tame. 
Proposition 4.6. Let k be a perfect field and assume that A is an almost admissible ditalgebra,
which is constructible from the generically tame (not necessarily basic) finite-dimensional
algebra Λ. Then, A is pregenerically tame.
Proof. Assume that A is not pregenerically tame and let us prove that Λ is not generically tame.
From (4.5), it will be enough to show that D = DΛ is not pregenerically tame.
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Adopt the notation of last Definition 4.2 and consider an isomorphism ξ : A−→Dz1···zt of
layered ditalgebras. It induces an equivalence of categories Fξ and, from (2.2), we know that
Dz1···zt is not pregenerically tame. Now our claim follows by induction. At the step i , assume
that Dz1···zi is not pregenerically tame. We have three possible types of reduction, for each one
of them, using (2.5), (2.6) or (2.7), we get that Dz1···zi−1 is not pregenerically tame. 
Theorem 4.7. Let k be a perfect field and denote by K its algebraic closure. Let A be an almost
admissible k-ditalgebra, which is constructible from the generically tame (not necessarily basic)
finite-dimensional algebra Λ. Then, the K -ditalgebra AK is pregenerically tame.
Proof. It is known that a finite-dimensional generically tame algebra Λ over a perfect field k,
induces a generically tame algebra ΛK ; see [23](5.2) and [25]. From (4.3) and (4.6), the K -
ditalgebra AK is pregenerically tame. 
5. Restrictions over perfect fields
Lemma 5.1. Let A be an admissible ditalgebra, over any field k, and take any field extension
K of k. Consider the scalar extension functor (−)K : A-Mod−→AK -Mod, as in [8](20.2).
Assume that M, N ∈ A-mod satisfy that M K and N K have a common non-zero direct summand.
Then, whenever M is indecomposable, we have that M is a direct summand of N.
Proof. Given the finite-dimensional A-modules M and N , the natural map
α : HomA(M, N )K −→HomAK (M K , N K ),
is an isomorphism. Indeed, from [8](6.13), we have a commutative diagram with exact columns
0 0
↓ ↓
HomA(M, N )K
α−→ HomAK (M K , N K )
σA⊗1
 σAK 
PhomR–W (M, N )K
α′−→ PhomRK –W K (M K , N K )
∂A⊗1
 ∂AK 
HomR(W0 ⊗R M, N )K α
′′−→ HomRK (W K0 ⊗RK M K , N K ),
where α′ and α′′ are the corresponding natural morphisms. Since M and W are finite-
dimensional, the maps α′ and α′′ are isomorphisms and, therefore, α is an isomorphism too.
Now, we follow Kasjan’s argument in [22](2.5). If M K and N K have a common direct
summand then there exist morphisms f ∈ HomAK (M K , N K ) and g ∈ HomAK (N K , M K ) such
that g f is a non-trivial idempotent of M K . Since α is an isomorphism, there are f1, . . . , fa ∈
HomA(M, N ), g1, . . . , gb ∈ HomA(N , M), and scalars λ1, . . . , λa, µ1, . . . , µb ∈ K , with
f = α[ai=1 fi ⊗λi ] and g = α[bj=1 g j ⊗µ j ]. The morphism α satisfies α[h⊗λ] = hKλ, for
h ∈ HomA(M, N ) and λ ∈ K . Thus, it gives an isomorphism of K -algebras EndA(M)K ∼=
EndAK (M K ) and g f = α[
b
j=1
a
i=1 g j fi ⊗ µ jλi ]. Since A is a Roiter ditalgebra and
M is a finite-dimensional indecomposable, the finite-dimensional algebra EndA(M) is local;
see [8](5.12). But
b
j=1
a
i=1 g j fi ⊗µ jλi , is a non-zero idempotent in EndA(M)K and hence,
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there exist i0 and j0 such that g j0 fi0 is not nilpotent. Then, this composition g j0 fi0 is an
isomorphism. So, M is isomorphic to a direct summand of N , because idempotents split in
A-Mod. 
Theorem 5.2. Assume that B is an initial subalgebra of the admissible ditalgebra A, over the
perfect field k. Assume that A is constructible from the generically tame finite-dimensional basic
algebra Λ. Consider the extension functor E : B-Mod−→A-Mod and the restriction functor
R : A-Mod−→B-Mod. Then, for any d ∈ N, there is a finite family I(d) of indecomposable
B-modules such that, for any indecomposable A-module M with dimk M ≤ d and M  E(N )
in A-Mod, for any N ∈ B-Mod, the module R(M) is isomorphic in B-Mod to a direct sum of
modules in I(d).
Proof. Consider the algebraic closure K of the ground field k. Then, we have the commutative
squares
A-Mod (−)
K
−→ AK -Mod
R
 R
B-Mod (−)
K
−→ BK -Mod
and
A-Mod (−)
K
−→ AK -Mod
E
 E
B-Mod (−)
K
−→ BK -Mod,
where E and E denote extension functors and R and R denote restriction functors (see [8](20.2)
and [8](20.3)). Fix d ∈ N. Recall that M ∈ A-Mod is such that M  E(N ) in A-Mod, for any
N ∈ B-Mod, if and only if M  E R(M). Since k is perfect, the K -ditalgebra AK is almost
admissible. From (4.7), we have that AK is pregenerically tame.
Then, from (3.5), we know that there is a finite family I(d) of indecomposable BK -modules
such that, for any indecomposable AK -module M with dimK M ≤ d and M  E R(M) in
AK -Mod, the module R(M) is isomorphic in BK -Mod to a direct sum of modules in I(d).
Take M ∈ A-Mod indecomposable with dimk M ≤ d and such that M  E R(M) in A-Mod.
Consider the decomposition M K ∼= M1 ⊕ · · · ⊕ M t , a direct sum of indecomposable AK -
modules. Assume, for instance, that M1 ∼= E R(M1) in AK -Mod. Then, we have
(E R(M))K = E(R(M)K ) = E R(M K ) ∼= E R(M1)⊕ · · · ⊕ E R(M t )
∼= M1 ⊕ E R(M2)⊕ · · · ⊕ E R(M t ).
Since the indecomposable M and the module E R(M) are such that M K and E R(M)K share a
direct summand, by (5.1), the module M is a direct summand of E R(M). Say, E R(M) ∼= M⊕L .
Thus, R(M) ∼= RE R(M) ∼= R(M) ⊕ R(L), which implies that R(L) = 0, and, hence L = 0.
Therefore, we get the contradiction E R(M) ∼= M . Similarly, we have that M i  E R(M i ) in
AK -Mod, for all i ∈ [1, t]. It follows that each R(M i ) is isomorphic in BK -Mod to a direct sum
of modules of I(d). Hence, this is also the case for R(M K ).
If R(M) ∼= N1 ⊕ · · ·⊕ Ns is a decomposition of R(M) into indecomposables in B-Mod, then
N K1 ⊕ · · · ⊕ N Ks = [N1 ⊕ · · · ⊕ Ns]K ∼= R(M)K = R(M K ). Thus, each N Ki is isomorphic to
a direct sum of indecomposable modules of I(d). Assume that I(d) = {L1, . . . , Lm}. Consider
the class I0(d) of indecomposable B-modules which appear as direct summands of R(N ), where
N runs in the class of indecomposableA-modules with dimk N ≤ d and N  E R(N ) inA-Mod.
Consider also a class of representatives I(d) of the isomorphism classes in I0(d). From (5.1) we
get that, for each i ∈ [1,m], there is, up to isomorphism, at most one N ∈ I0(d) such that L i is
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a direct summand of N K . It follows that I(d) is a finite family too. Clearly, R(M) is isomorphic
to a direct sum of modules of I(d). 
Remark 5.3. Let A be an admissible ditalgebra A and adopt the notation of (3.1). Consider
the decomposition 1 = ni=1 ei of the unit of R as a sum of primitive orthogonal central
idempotents. Given M ∈ A-Mod, we can consider its length ℓ(M), meaning its length as left
R-module. Moreover, we can consider its length vector ℓ(M) = (ℓ(e1 M), . . . , ℓ(en M)). Then,
under the assumptions of last theorem, we can replace the requirement dimk M ≤ d by the
requirement ℓ(M) ≤ d , and still get a valid statement. Indeed, for a fixed d ≥ 0, there are only
finitely many vectors ℓ ∈ Zn with non-negative coordinates, such that ni=1 ℓi ≤ d; then, for
each one of them, we can consider the number dˆ(ℓ) := ni=1[Di : k]ℓi and, then take their
maximum dˆ := max{dˆ(ℓ)}ℓ and consider the set I(dˆ). Then, any M ∈ A-Mod with ℓ(M) ≤ d ,
has some length vector ℓ = ℓ(M) withni=1 ℓi ≤ d , and satisfies that dimk M = dˆ(ℓ) ≤ dˆ, and
we can apply the last theorem to this dˆ.
6. Minimal algebras and principal ideal domains
Definition 6.1. A k-algebra B is called minimal iff it is of one of the following two types.
1. B = TD1×D2(V ), where D1 and D2 are finite-dimensional division k-algebras and V is a
simple D1–D2-bimodule.
2. B = TD(V ), where D is a finite-dimensional division k-algebra and V is a simple D–D-
bimodule.
Proposition 6.2. Assume that B = TD(V ) is a pregenerically tame minimal algebra of the
second type in (6.1). Then, B is a skew polynomial algebra D[x, s], for some automorphism
s : D−→ D. Thus, B is a principal ideal domain and the pregeneric modules coincide with the
generic modules. In this case, B has a unique generic module.
Proof. First, notice that TD(V ) is isomorphic to the skew tensor algebra associated in [16](8.5)
to the split exact sequence of D–D-bimodules
0 −→ D −→ D ⊕ V −→ V −→ 0.
Indeed, if we denote by π the unit element of D, then D = πD and πd = dπ , for any
d ∈ D. Then, the morphism of algebras φ : TD(πD ⊕ V )−→ TD(V ) defined by the identity
morphism I d : D−→ D and the morphism of D–D-bimodules φ : πD ⊕ V −→ TD(V ) given
by φ(πd + v) = d + v, induces an isomorphism of algebras TD(πD ⊕ V )/(π − 1) ∼= TD(V ).
Then, if dimD V ≥ 2, from the lemma in [16](8.5), B is strictly wild. Then, from the lemma
in [16](8.2), there is a finite field extension K of the ground field k and a B–K ⟨x, y⟩-bimodule Z ,
which is free of finite rank over K ⟨x, y⟩ and such that the tensor product functor Z ⊗K ⟨x,y⟩− :
K ⟨x, y⟩-Mod−→ B-Mod is fully faithful. Now, we proceed as in the proof of (2.9) to construct
an infinite family {Hp}p of pairwise non-isomorphic indecomposable pregeneric modules with
bounded endolength for the k-algebra K ⟨x, y⟩. Then, from [8](31.4), we have the infinite
family {Z ⊗K ⟨x,y⟩ Hp}p of pairwise non-isomorphic indecomposable pregeneric B-modules
with bounded endolength.
It follows that dimD V = 1. Since D and V are finite-dimensional over k, the left and
right dimensions of V over D coincide. Choose any non-zero element x ∈ V . Then, for any
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d ∈ D, there is a unique ds ∈ D such that dx = xds . It is easy to see that d → ds defines an
automorphism of D, and then that B ∼= D[x, s].
Assume that a B-module G is pregeneric but not generic, then it is a B-module of finite length.
Then, for instance from [21](1.1.22), we know that B is a noetherian algebra and, from [16](7.1),
we have that G is a finitely generated B-module. From [11]Section 8.2(2.4), the module G is
cyclic, thus G ∼= B, which has infinite length, or G ∼= B/B f , which has finite dimension over k.
This means that G has infinite length as a B-module and, therefore, it is generic. The uniqueness
of G is a well known fact; see [16](4.7)(6). 
Definition 6.3. Let Γ be an algebra over some ground field k. Assume that Γ is a principal ideal
domain (possibly non-commutative). Thus, left and right ideals are principal. Recall that a non-
unit element p ∈ Γ \ {0} is called an atom iff it is not a product of two non-invertible elements
of Γ (or equivalently 0 ≠ Γ p is a maximal left ideal of Γ ). An element a ∈ Γ is called bounded
iff there is a non-zero two-sided element b ∈ Γ (i.e. such that Γb = bΓ ) with Γb ⊆ Γa. The
element a is called centrally bounded iff the element b described before belongs to the center
of Γ . The algebra Γ is bounded (resp. centrally bounded) iff every a ∈ Γ is bounded (resp.
centrally bounded).
Lemma 6.4. Assume that Γ is a principal ideal domain with noetherian center Z, such that Γ
is finitely generated as a Z-module. Then, for any non-invertible element a ∈ Γ \ {0}, there is
an element r ∈ Γ \ {0} such that ra ∈ Z (or, equivalently, Γa ∩ Z ≠ 0). Thus, the algebra Γ is
centrally bounded.
Proof. Given an atom p ∈ Γ , since Γ p is a maximal left ideal of Γ , we know that EndΓ (Γ/Γ p)
is a division ring, which has a field K as a center. Assume that Z ∩ Γ p = 0, then there is an
injective morphism of rings σ : Z −→EndΓ (Γ/Γ p) given by σ(z)[r + Γ p] = r z + Γ p,
for z ∈ Z and r ∈ Γ . It is clear that σ restricts to an injective morphism on the center K of
EndΓ (Γ/Γ p). Hence, the field of fractions Q of the domain Z embeds in K . On the other hand,
EndΓ (Γ/Γ p) is a finitely generated Z -module, because Γ and Γ/Γ p are finitely generated Z -
modules (apply the same argument used to prove [3]II(1.1)(a)). Thus, from the noetherianity of
Z , the Z -submodule Q of EndΓ (Γ/Γ p) should be finitely generated too. But it is well known
that it is not the case.
Then, Z ∩ Γ p ≠ 0. If 0 ≠ z ∈ Z ∩ Γ p, we have r p = z ∈ Z , for some r ∈ Γ , and z is a
two-sided element of Γ with Γ z ⊆ Γ p. Thus, every atom p of Γ is bounded.
Now, we proceed to prove that every non-invertible element a of Γ is bounded, by induction
on the number n of atoms in the atomic decomposition a = p1 · · · pn . Assume that n > 1,
make a′ := p1 · · · pn−1 and suppose that we already know the existence of an element r ′ ∈ Γ
such that r ′a′ = z′ ∈ Z . But we also know there is an r ∈ Γ such that r pn = z ∈ Z . Then,
rr ′a = rr ′a′ pn = r z′ pn = r pnz′ = zz′ ∈ Z . Hence, Γ zz′ ⊆ Γa, and we are done. 
It is convenient to have an explicit description for the almost split sequences, up to
isomorphism, in the category of finite length modules Γ -mod over a bounded principal ideal
domain Γ . This result is presumably known, but we outline a proof for the convenience of the
reader. Recall that the non-zero elements a, b ∈ Γ are called similar iff Γ/Γa ∼= Γ/Γb, and
that similarity is an equivalence relation in Γ \ {0}.
Lemma 6.5. Let Γ be a bounded principal ideal domain. For each atom p ∈ Γ , consider the
corresponding simple Γ -module Sp := Γ/Γ p. Then, for each i ∈ N, up to isomorphism, there is
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a unique indecomposable Γ -module E pi with length i and all composition factors isomorphic
to Sp. The family {E pi | i ∈ N, p ∈ P}, where P denotes a set of representatives of the
similarity classes of all atoms of Γ , is a complete set of representatives of the isoclasses of
the indecomposable Γ -modules of finite length. Moreover, there are almost split sequences:
ζ
p
1 : E p1 −→ E p2 −→ E p1 ,
ζ
p
n : E pn −→ E pn+1 ⊕ E pn−1 −→ E pn , for n ≥ 2.
Proof. Observe that Γb/Γab ∼= Γ/Γa, for all non-zero a, b ∈ Γ . Then, whenever we have
a product c = p1 p2 · · · pt of atoms in Γ , which are similar to the atom p ∈ Γ , we have the
composition series
0 = Γ p1 p2 · · · pt
Γ p1 p2 · · · pt ⊆
Γ p2 · · · pt
Γ p1 p2 · · · pt ⊆ · · · ⊆
Γ pt
Γ p1 p2 · · · pt ⊆
Γ
Γ p1 p2 · · · pt = Γ/Γc
with composition factors [Γ pi ···ptΓ p1···pt ]/[
Γ pi+1···pt
Γ p1···pt ] ∼=
Γ pi ···pt
Γ pi+1···pt
∼= ΓΓ pi+1 ∼= Sp. Therefore, Γ/Γc is
a Γ -module with length t and all composition factors isomorphic to Sp.
From [11]Section 8.2(2.4), every finitely generated Γ -module is a direct sum of cyclic
modules. Since Γ has infinite length, we concentrate on torsion cyclic modules. From [12](1.5.6),
since Γ is a bounded principal ideal domain, every torsion cyclic indecomposable Γ -module has
the form Γ/Γ p1 · · · pt , where p1, . . . , pt are similar atoms of Γ . From [20](3.21), a cyclic
Γ -module Γ/Γ p1 p2...pt , where p1, p2, . . . , pt are atoms similar to a fixed atom p of Γ ,
is indecomposable iff the annihilator of Γ/Γ p1 p2 · · · pt is Γq t , where Γq is the annihilator
of Γ/Γ p. Now, assume that Γ/Γ p1 · · · pt and Γ/Γq1 · · · qt are indecomposable Γ -modules
where all the atoms p1, . . . , pt , q1, . . . , qt are similar, say to the atom p. Since Γ is bounded,
from [12](1.5.6), we know they are isomorphic iff they have the same annihilator, which is the
case because they both have annihilator Γq t . We have seen that for each p ∈ P and i ∈ N, there
is at most one indecomposable Γ -module (up to isomorphism) with length i and composition
factors isomorphic to Sp.
Fix an atom p ∈ Γ , consider the annihilator Γq of Γ/Γ p and, for each t ∈ N, consider
the algebra Γt := Γ/Γq t . Thus, Γt is a left artin ring and the ideal qΓt = Γq/Γq t is
nilpotent with Γt/qΓt ∼= Γ/Γq semisimple. Thus, radΓt = qΓt and the algebra Γt has
only one isomorphism class of simples, namely that of Sp. It follows that there is only one
isomorphism class of indecomposable projective Γt -modules, choose a representative Pt of this
class. Denote by m the multiplicity of the simple module in the semisimple decomposition of
Γ/Γq , thus Γ/Γq ∼= mSp. Since Γt/qΓt ∼= Γ/Γq ∼= mSp and, hence, Γt ∼= m Pt , we have
Γt−1 ∼= Γq/Γq t = radΓt ∼= rad (m Pt ) = m(rad Pt ). It follows that rad Pt is an indecomposable
projective Γt−1-module, thus Pt−1 ∼= rad Pt = (qΓt )Pt = q Pt . Then, we have the composition
series of Pt ,
{0} = q t Pt ⊆ q t−1 Pt ⊆ · · · ⊆ q2 Pt ⊆ q Pt ⊆ Pt ,
with all composition factors q i Pt/q i+1 Pt ∼= Sp and every term in the filtration is an
indecomposable Γ -module with local endomorphism algebra. Having in mind the previous
paragraph, now we know that, for each p ∈ P and each t ∈ N, up to isomorphism, there is
exactly one indecomposable Γ -module E pt with length t and composition factors isomorphic to
Sp (with the previous notation, E
p
t
∼= Pt ).
Notice that HomΓ (E
p1
t1 , E
p2
t2 ) = 0, whenever p1 and p2 are not similar atoms. Indeed,
consider the annihilator Γq1 of Γ/Γ p1 and the annihilator Γq2 of Γ/Γ p2; then, if there is a
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non-zero morphism of Γ -modules f : E p1t1 −→ E p2t2 , then the submodule Im f ⊆ E p2t2 has a
non-trivial annihilator Γa such that Γq t11 = Ann(E p1t1 ) ⊆ Γa ⊇ Ann(E p2t2 ) = Γq t22 . It follows
that the two-sided elements q1 and q2 share an atom of their atom decompositions. Thus, p1 and
p2 are similar.
Fix p ∈ P , let Γq be the annihilator of Γ/Γ p, and Γt = Γ/Γq t , for t ≥ 2. Let us describe
the almost split sequences in Γt -mod. Again, if Pt denotes a fixed representative of the unique
isoclass of projective indecomposable Γt -modules, the modules q t−1 Pt , . . . , q Pt , Pt represent
all the non-isomorphic indecomposable Γt -modules. Moreover, the modules q t−1 Pt , . . . , q Pt
are not injective.
We look first at the case t = 2. We only have two non-isomorphic indecomposable Γ2-
modules q P2 and P2. Consider the almost split sequence starting at q P2 in Γ2-mod
χ1[2] : 0−→ q P2 −→ M −→ N −→ 0.
Here, N is indecomposable and N  P2, because P2 is a projective Γ2-module. Thus, N ∼= q P2
and the length of M is 2. Since the given sequence does not split, M ∼= P2, and we have an
almost split sequence in Γ2-mod of the form
ξ
p
1 [2] : 0−→ q P2 −→ P2 −→ q P2 −→ 0.
We claim that, for t ≥ 3, the category Γt -mod has almost split sequences of the form:
ξ
p
t−1[t] : 0−→ q t−1 Pt −→ q t−2 Pt −→ q t−1 Pt −→ 0
and, for i ∈ [1, t − 2],
ξ
p
i [t] : 0−→ q i Pt −→ q i−1 Pt ⊕ q i+1 Pt −→ q i Pt −→ 0.
We proceed by induction on t ≥ 3. Thus, by induction hypothesis, we have almost split
sequences ξ p1 [t − 1], . . . , ξ pt−2[t − 1] in Γt−1-mod ending at q Pt−1, . . . , q t−2 Pt−1, respectively.
As we pointed out before, q t−1 Pt , . . . , q Pt , Pt represent all the non-isomorphic indecomposable
Γt -modules, all of them are Γt−1-modules with the only exception of Pt . For i ∈ [1, t − 1],
consider an almost split sequence in Γt -mod starting at q i Pt
χi [t] : 0−→ q i Pt −→ Mi −→ Ni −→ 0.
Again, the indecomposable Γt -module Ni is not projective, hence Ni  Pt . Thus, Ni ∈
Γt−1-mod. Consider first the case i > 1. Here, if Pt was a direct summand of Mi , there would
be an irreducible morphism q i Pt −→ Pt , which is impossible because the inclusion q Pt −→ Pt
is the unique irreducible map in Γt -mod ending at Pt . Thus, Pt is not a direct summand of Mi
and Mi ∈ Γt−1-mod. Thus, the whole sequence χi [t] lies in Γt−1-mod and, having in mind that
q i Pt ∼= q i−1 Pt−1, from the uniqueness of almost split sequences in Γt−1-mod, we obtain that
χi [t] ∼= ξ pi−1[t − 1] in Γt−1-mod. Then, there is an almost split sequence ξ pi [t] in Γt -mod of the
desired form (in fact, ξ pi [t] ∼= ξ pi−1[t − 1] in Γt−1-mod). Now, we consider the remaining case
i = 1. Recall that we have already chosen an almost split sequence χ1[t] in Γt -mod starting at
q Pt . Again, it is clear that N1  Pt . Thus, N1 must be isomorphic to one of the Γt -modules
q t−1 Pt , . . . , q2 Pt , q Pt . If N1 ∼= q j Pt , with j > 1, then we have the almost split sequence
ξ
p
j [t] in Γt -mod ending and starting at q j Pt , contradicting the fact that q Pt  q j Pt . Thus,
N1 ∼= q Pt . Moreover, the existence of the irreducible morphism q Pt −→ Pt in Γt -mod implies
that M1 ∼= Pt ⊕ Qt , for some Qt ∈ Γt -mod. Consider an indecomposable direct summand
q j Pt of Qt , say Qt ∼= q j Pt ⊕ Ct , for some Ct ∈ Γt -mod. Assume that j > 2 (notice that,
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by length considerations on the exact sequence χ1[t], this is the case if Ct ≠ 0). Then, there
is an irreducible morphism q j Pt −→ q Pt in Γt -mod, thus there is an irreducible morphism
q j−1 Pt−1 −→ Pt−1 in Γt−1-mod, which is impossible. Then, j ≤ 2 and Ct = 0. Again, counting
lengths, we see that j = 2. Then, there is an almost split sequence ξ p1 [t] of the desired form, in
fact ξ p1 [t] ∼= χ1[t], and we have described all the almost split sequences in Γt -mod.
We have that given a non-projective indecomposable E pn of Γ -mod and t ∈ N such that q t
annihilates E pn+1, there is an almost split sequence in Γt -mod
ζ
p
n [t] : E pn −→ E pn+1 ⊕ E pn−1 −→ E pn
of the form specified in the statement of the lemma, here ζ pn [t] ∼= ξ pt−n[t]. It depends on t .
For each indecomposable E pn , consider the almost split sequence ζ
p
n := ζ pn [n + 1]. We claim
that ζ p1 , ζ
p
2 , . . . , ζ
p
n , . . . are almost split sequences in Γ -mod. Fix n ∈ N and let us see that
ζ
p
n : E pn σ−→ M π−→ E pn is almost split in Γ -mod. Take a non-retraction morphism h : N −→ E pn
in Γ -mod with N indecomposable. We want to show that h factors through π . This is clear if
N ∼= E p′m with p′ not similar to p, because, as we saw before, h must be zero. It remains the case
N ∼= E pm , for some m ∈ N. Then, for t > n + 1 big enough, we have an almost split sequence
ζ
p
n [t] ending at E pn in Γt -mod with E pm ∈ Γt -mod. Then, ζ pn and ζ pn [t] are both almost split
sequences in Γn+1-mod ending at E pn ; hence there is an isomorphism of sequences ζ pn ∼= ζ pn [t]
in Γ -mod. Thus, the morphism h factors through π in Γ -mod, and we are done. 
Remark 6.6. The description of generically tame minimal algebras of type 2 is given in
(6.2). The description of generically tame minimal algebras of type 1, which are of infinite
representation type, is the following:
1. B is the matrix algebra

F 0
M G

, where F and G are finite-dimensional division k-algebras
and M is a simple G–F-bimodule where the field k acts centrally. Moreover, dimG M = 2 =
dim MF ; or
2. B is the matrix algebra

F 0
M G

, where F and G are finite-dimensional division k-algebras
and M is a simple G–F-bimodule where the field k acts centrally. Moreover, dimG M = 4
and dim MF = 1, or dimG M = 1 and dim MF = 4.
This follows from the work of Dlab and Ringel in [17] and the fact that tame hereditary
algebras coincide with generically tame hereditary algebras of infinite representation type
(see [16](8.4)). Here, following Crawley-Boevey, we say that a connected finite-dimensional
hereditary algebra is tame hereditary if its quadratic form is positive semidefinite but not positive
definite; see [16](8.3). Then, Theorem 1.1 will follow from (8.2).
Recall that given an algebra B, as in 1 or 2, the quadratic form of B is semidefinite positive
and its radical is generated by a vector λ ∈ Z2 with positive components. A regular B-module
is a finite-dimensional B-module whose indecomposable direct summands H have length vector
of the form ℓ(H) = cHλ, for some cH ∈ N; see [26](4.1). The full subcategory B-reg of B-mod
formed by the regular modules is abelian and uniserial; see [26](4.2). The simple objects in B-reg
are called simple regular modules. The class of indecomposable finite-dimensional B-modules
is the disjoint union of three classes: the preprojective ones, the preinjective ones and the regular
ones. The non-regular indecomposable B-modules satisfy that, for any c ∈ N, they admit only
finitely many isoclasses with length bounded by c.
R. Bautista et al. / Advances in Mathematics 231 (2012) 436–481 457
Given any admissible ditalgebra A, we say that an A-module M is homogeneous iff there is
an almost split conflation in A-mod of the form M → L → M . It is known that in the previous
context, every indecomposable regular B-module is homogeneous in B-mod.
Lemma 6.7. Assume that Γ is a bounded principal ideal domain and that B is a finite-
dimensional generically tame hereditary k-algebra of infinite representation type. Assume the
existence of a finite-dimensional algebra B ′ and an epimorphism of k-algebras ψ : B ′−→ B ′Σ ,
which is a universal localization, as in [15] Section 2, where B ′ is Morita equivalent to B and
B ′Σ is Morita equivalent to Γ . Then, we have the following.
1. Every simple Γ -module is finite-dimensional.
2. Consider the composition H of the functors
Γ -Mod
G1−→ B ′Σ -Mod
Fψ−→ B ′-Mod G2−→ B-Mod,
where G1 and G2 are equivalence functors, and Fψ is the restriction functor. Then, the almost
split sequence ending at any M ∈ Γ -mod is mapped by H onto an almost split sequence in
B-mod, whenever H(M) is a homogeneous B-module.
Proof. (1) Fix an atom p ∈ Γ . Since Γ is bounded, there is a two-sided element p∗ ∈ Γ such
that Γ p∗ ⊆ Γ p and Γ p∗ is the unique maximal two-sided ideal with this property. Then, from
theorem [12](1.5.4), the element p∗ is a two-sided atom, we have that AnnΓ (Γ/Γ p) = Γ p∗
and Γ/Γ p∗ is a simple artinian ring. From [16](4.7)(2), the simple Γ -module Γ/Γ p has finite
endolength. Assume now that Γ/Γ p is infinite-dimensional over k, thus Γ/Γ p is a pregeneric
Γ -module. The equivalences G1 and G2 have the form G1 ∼= P1 ⊗Γ − and G2 ∼= P2 ⊗B′ −, for
some bimodules P1 and P2, where P1 is finitely generated projective right Γ -module and P2 is
finitely generated projective right B ′-module.
Since P1 is a finitely generated projective right Γ -module, and Γ is a principal ideal domain,
it is a free right Γ -module of finite rank. Then, from [8](31.4), G1(Γ/Γ p) is a pregeneric B ′Σ -
module. From (2.2), we have that FψG1(Γ/Γ p) is a pregeneric B ′-module. From [8](29.8),
we know that G2 FψG1(Γ/Γ p) is a pregeneric B-module and, hence, a generic B-module. On
the other hand, from [16](4.7)(6), the generic Γ -module is the restriction of the simple module
Q of the simple artinian quotient ring of Γ . As before, G2 FψG1(Q) is a generic B-module.
Now, as we reminded in (6.6), Crawley-Boevey has shown that B is generically tame of infinite
representation type iff it is tame hereditary. Ringel has shown in [27]Section 6 that, in this case,
the algebra B admits a unique generic module. Thus, G2 FψG1(Q) ∼= G2 FψG1(Γ/Γ p) and,
therefore, Q ∼= Γ/Γ p. This is not possible because AnnΓ (Q) = 0 ≠ AnnΓ (Γ/Γ p).
(2) We already know that G1 and G2 preserve almost split sequences. Since ψ : B ′−→ B ′Σ is
a universal localization, Σ is a set of morphisms between finitely generated left B ′-modules and
the restriction functor Fψ : B ′Σ -Mod−→ B ′-Mod identifies B ′Σ -Mod with the full subcategory
of B ′-Mod determined by the B ′-modules M with HomB′(σ, M) isomorphism, for all σ ∈ Σ ;
see [24]Section 6. Thus, B ′Σ -Mod is identified with an extension closed full subcategory of
B ′-Mod. Assume that M ∈ Γ -mod is indecomposable with H(M) homogeneous. Consider
an almost split sequence ξ in Γ -mod ending at M and make N := G1(M). Then, G1(ξ) ∈
ExtB′Σ (N , N )
∼= ExtB′(Fψ N , Fψ N ). But since H(M) is homogeneous, so is Fψ N . Since
Fψ is a full and faithful functor, FψG1(ξ) generates the socle of the EndB′(Fψ N )-module
ExtB′(Fψ N , Fψ N ). It follows that FψG1(ξ) is an almost split sequence, and, hence, so is
H(ξ). 
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Theorem 6.8. For any generically tame minimal algebra B of infinite representation type,
there is a bounded principal ideal domain Γ and an exact full and faithful functor H :
Γ -Mod−→ B-Mod such that
1. every simple Γ -module is finite-dimensional;
2. H maps almost split sequences of Γ -mod onto almost split sequences in B-mod;
3. for each d ∈ N and almost every M ∈ B-mod with dimk M ≤ d, there is N ∈ Γ -mod with
H(N ) ∼= M.
Proof. Assume that B is a generically tame minimal algebra of infinite representation type.
Suppose first that B is of the second type in (6.1). From (6.2), we can assume that B =
D[x, s]. It is well known that Γ := D[x, s] is a bounded principal ideal domain (see [21](3.15))
and, since Γ satisfies the Euclidean algorithm, the simple modules are finite-dimensional. Then,
taking as H the identity functor, we see that 2 and 3 are clear in this case.
Now, assume that B is of the first type in (6.1). Then, as remarked in (6.6), we are in one of
the following cases:
1. B is the matrix algebra

F 0
M G

, where F and G are finite-dimensional division k-algebras
and M is a simple G–F-bimodule where the field k acts centrally. Moreover, dimG M = 2 =
dim MF ; or
2. B is the matrix algebra

F 0
M G

, where F and G are finite-dimensional division k-algebras
and M is a simple G–F-bimodule where the field k acts centrally. Moreover, dimG M = 4
and dim MF = 1, or dimG M = 1 and dim MF = 4.
For case 1, Dlab and Ringel constructed in [18] a bounded principal ideal domain Γ and a full
and faithful functor H : Γ -Mod−→ B-Mod, which induces an equivalence between the category
Γ -mod, of the finite-dimensional Γ -modules, onto a full subcategory of the category B-reg, of
the finite-dimensional regular B-modules, such that B-reg = Im H U , where U is a uniserial
subcategory of B-reg with global dimension one and with only one simple object E1. In fact,
U = U(E1) as defined in [26](1.2), where E1 is a simple regular B-module. Moreover, H can
be realized as the composition of the usual Morita equivalence functor Γ -Mod−→ M2(Γ )-Mod
with the restriction functor Fψ : M2(Γ )-Mod−→ B-Mod induced by an algebra epimorphism
ψ : B −→ M2(Γ ). Moreover, the epimorphism ψ is a universal localization; see [15](5.3). Then,
from (6.7), the simple Γ -modules are finite-dimensional and H preserves almost split sequences
(indeed every indecomposable regular B-module is homogeneous; see [17]).
Moreover, ExtB(E1, E1) is one-dimensional as a left EndB(E1)-space, since the almost split
sequence in B-mod ending at E1 starts at E1 and generates the socle of the EndB(E1)-module
ExtB(E1, E1). Then, we can follow Ringel’s argument in [28](3)(3.1)(2), to show the existence
of almost split sequences in U of the form
ζ1 : E1 −→ E2 −→ E1,
ζn : En −→ En+1 ⊕ En−1 −→ En, for n ≥ 2,
and the fact that any indecomposable N ∈ U is isomorphic to some En . Indeed, the first sequence
ζ1 is the generator of the one-dimensional EndB(E1)-space ExtB(E1, E1), and for the inductive
step of the construction one uses that Ext2B(E1, E1) = 0. Then, it follows that U admits only
finitely many isoclasses of modules of any given dimension, and item 3 follows.
For case 2, Crawley-Boevey constructed in [15](5.3) a principal ideal domain Γ , a finite-
dimensional algebra B ′ and an epimorphism of k-algebras ψ : B ′−→ B ′Σ , which is a universal
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localization, where B ′ is Morita equivalent to B and B ′Σ is Morita equivalent to Γ . Moreover, the
ring Γ is finitely generated over its center Z , which is a Dedekind domain. From (6.4), we know
that Γ is a bounded principal ideal domain. Consider now the composition functor H defined
in (6.7)
Γ -Mod
G1−→ B ′Σ -Mod
Fψ−→ B ′-Mod G2−→ B-Mod,
and notice that we already know that the simple Γ -modules are finite-dimensional.
We have the exact full and faithful functor H : Γ -mod−→ B-mod which induces an
isomorphism ExtΓ (M, M) ∼= ExtB(H(M), H(M)), for each finite-dimensional indecomposable
Γ -module M . From Lemma 6.5, we obtain that ExtB(H(M), H(M)) ≠ 0, thus H(M) cannot
be preprojective or preinjective, see [3]VIII.1.1.7. Thus, H(M) is a regular B-module. But every
indecomposable regular B-module is homogeneous. Then, from (6.7), the functor H preserves
almost split sequences.
It follows from Crawley-Boevey’s arguments in [15], that in this case we also get B-reg ∼=
Im H
U , with U uniserial with global dimension one and generated by a simple regular module
and, then, proceeding as before, we can complete the proof of item 3. In the following paragraphs,
we detail the arguments.
The universal localization ψ : B ′−→ B ′Σ that we are considering is defined by a simple reg-
ular B ′-module S′, and we have the full subcategories Mr = {M ∈ B ′-mod | HomB′(S′, M) =
0 and ExtB′(S′, M) = 0} and Mt = {M ∈ B ′-mod with no projective direct summands |
HomB′(M, S′) = 0 and HomB′(S′, M) = 0}. The functor Fψ determines an equivalence
B ′Σ -mod−→Mr , while the functor B ′Σ ⊗B′ − determines an equivalence Mt −→ B ′Σ -mod.
Indeed, the first equivalence follows from [15](2.5). For the second one, recall from [15](2.3)
that the functor B ′Σ ⊗B′ − determines an equivalence Mt −→M′, where M′ is the cate-
gory of finitely presented B ′Σ -modules with no projective direct summand, and we claim thatM′ = B ′Σ -mod. This is so because the bounded principal ideal domain Γ is Morita equivalent
to B ′Σ . So, the algebra B
′
Σ is noetherian because Γ is so and, hence, the finitely presented B
′
Σ -
modules coincide with the finitely generated ones. By Morita’s Theorem, G1 ∼= Q⊗Γ −, for
some B ′Σ–Γ -bimodule Q which is finitely generated projective (hence free of finite rank) by the
right. Thus, G1 maps finite-dimensional Γ -modules onto finite dimensional B ′Σ -modules. More-
over, G1(Γ ) ∼= Q is the unique, up to isomorphism, indecomposable projective B ′Σ -module and
it has infinite dimension. It follows that M′ = B ′Σ -mod, as claimed.
From the Auslander–Reiten formula, DExtB′(M, N ) ∼= HomB′(τ−1 N , M), where τ−1 =
T r D is the Auslander–Reiten translation of B ′-mod, see [2], we obtain thatM :=Mr∩B ′-reg =
Mt ∩ B ′-reg.
As remarked in [15](2.4), the functor B ′Σ ⊗B′ − induces a bijection from the set of isomor-
phism classes of ∂-simples in B ′-mod different from S′ to the set of isomorphism classes of
σ -simples in B ′Σ -mod. Here ∂ is the normalized defect for B
′ and σ is the rank function on B ′Σ
induced by ∂; see [15](2.2) and [15](4.1). Also, from [15](4.2)(4), we have that B ′Σ is a maximal
order. Moreover, from [15](3.1)(2 and the paragraph before), the σ -simples are the simple B ′Σ -
modules and, from [15](4.1), the simple regular B ′-modules are the ∂-simple B ′-modules. Thus,
M contains all the simple regular B ′-modules different from S′ and S′ ∉M.
Now, Fψ maps simple B ′Σ -modules onto simple regular B
′-modules, and every simple reg-
ular B ′-module in M has the form Fψ (T ), for some simple B ′Σ -module T . Indeed, the simple
Γ -modules are homogeneous and admit an almost split sequence with indecomposable middle
term. Then, the same is true for B ′Σ . Then, if T is a simple B
′
Σ -module, the functor Fψ induces
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an isomorphism ExtB′Σ (T, T )
∼= ExtB′(FψT, FψT ) which maps the simple socle, generated by
an almost split sequence ξ , of the EndB′Σ (T )-module at the left on the simple socle, generated by
the almost split sequence Fψ (ξ), of the EndB′(FψT )-module at the right. Recall that we already
know that FψT is regular, hence homogeneous. But, clearly the almost split sequence Fψ (ξ)
has an indecomposable middle term, and hence Fψ (T ) is a simple regular B ′-module. With the
same argument, we see that if S is a simple regular B ′-module inM, say of the form FψT ′, with
T ′ ∈ B ′Σ -mod, then T ′ is a simple B ′Σ -module.
Then, H maps simple Γ -modules onto simple regular B-modules and every regular sim-
ple B-module has the form H(T ), for some simple Γ -module T , with the only exception of
S := G2(S′). Since H preserves almost split sequences, we obtain that B-reg = Im H U ,
where U = U(S) is the uniserial subcategory of B-reg generated by S, as described above
(see [26]). 
7. Reduction to minimal algebras
The proof of the next theorem requires an induction argument which uses the following norm
(see [4]).
Definition 7.1. Assume thatA is an admissible k-ditalgebra with layer (R,W ), as in (3.1). Then,
for M ∈ A-Mod, we define its norm as the number
∥M∥ := dimk HomR(W0 ⊗R M, M).
If 1 = ni=1 ei is the decomposition of the unit of R as a sum of orthogonal primitive central
idempotents, the length vector of M is given by
ℓ(M) = (ℓD1(e1 M), . . . , ℓDn (en M)),
and the length of M is ℓ(M) := ℓR(M) = ni=1 ℓDi (ei M). The support of M is the set of
idempotents ei with ei M ≠ 0. The A-module M is called sincere iff ei M ≠ 0, for all i ∈ [1, n].
For M ∈ A-Mod, we have ∥M∥ = i, j ℓDi (ei M)ℓD j (e j M) dimk(ei W0e j ). Consequently,
for ℓ = (ℓ1, . . . , ℓn) ∈ Zn , with non-negative entries, its norm is defined by
∥ℓ∥ =

i, j
ℓiℓ j dimk(ei W0e j ).
Lemma 7.2. Let A be an admissible ditalgebra with layer (R,W ), as in (3.1). Assume that
W0 ≠ 0 and that M is a sincere indecomposableA-module with ∥M∥ ≤ d, then the length of M
satisfies ℓ(M) ≤ nd.
Proof. Consider the decomposition 1 = nj=1 e j of the unit of R as a sum of primitive central
orthogonal idempotents. Consider the length vector ℓ = ℓ(M) of a sincere A-module M with
∥M∥ ≤ d. Then i, j ℓiℓ j dimk(ei W0e j ) = ∥M∥ ≤ d. The statement is clear for n = 1, so
assume that n ≥ 2. Given i ∈ [1, n], we have
ℓi

j
ℓ j dimk(ei W0e j )

≤ d and ℓi

j
ℓ j dimk(e j W0ei )

≤ d.
If

j ℓ j dimk(ei W0e j ) = 0 and

j ℓ j dimk(e j W0ei ) = 0, then ei W0e j = 0 = e j W0ei , for all
j ∈ [1, n]. If we make e =  j≠i e j , then W0 = eW0e and A splits as a product of algebras
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A ∼= Di ×TRe(W0). Then, there is no sincere indecomposable A-module. Thus, if M is a sincere
indecomposable A-module then, for each i ∈ [1, n], there is a positive integer ci with ℓi ci ≤ d.
Thus, ℓi ≤ d , for all i , and ℓ(M) ≤ nd, as claimed. 
Lemma 7.3. Let k be a perfect field and let A be an admissible ditalgebra with layer (R,W ).
Assume that AX is obtained from A by reduction, using the B-module X, where B is an initial
subalgebra of A and X is a finite direct sum of pairwise non-isomorphic finite-dimensional
indecomposable B-modules. Then, the algebra EndB(X)op admits the splitting EndB(X)op =
S⊕P, where P is the radical, andAX is an admissible ditalgebra with triangular layer (S,W X ).
Let FX : AX -Mod−→A-Mod be the associated functor. Suppose that the subalgebra B of A is
determined by the R–R-bimodule decomposition W0 = W ′0 ⊕ W ′′0 . Then, we have the following.
1. We have ∥F X (N )∥ − ∥N∥ = dimk HomR(W ′0 ⊗R F X (N ), F X (N )), for any N ∈ AX -Mod.
Thus, ∥N∥ < ∥F X (N )∥, whenever F X (N ) is a sincere A-module and W ′0 ≠ 0.
2. If we denote by RAB : A-Mod−→B-Mod the restriction functor, then the A-modules M of
the form M ∼= FX (N ), for some (resp. finite-dimensional) N ∈ AX -Mod, are precisely the
A-modules M such that its restriction RAB (M) is isomorphic in B-Mod to a (resp. finite) direct
sum of direct summands of X.
3. For any N ∈ AX -Mod, we have ℓ(FX (N )) = [X ]ℓ(N )t , where [X ] denotes the matrix with
[X ]i j = dimDi ei X f j . Here, e1, . . . , en and f1, . . . , ft are the primitive central orthogonal
idempotents determined by decomposition of units 1 =i ei in R and 1 = j f j in S.
4. The functor FX is length controlling, which means that there is a constant C ∈ N such that
ℓ(N ) ≤ ℓ(FX (N )) ≤ Cℓ(N ), for N ∈ AX -Mod.
Proof. The finite-dimensional algebra Γ = EndB(X)op admits the splitting Γ = S ⊕ P , where
P is the radical of Γ , because k is a perfect field. The semisimple algebra S is basic because the
indecomposable direct summands of X are pairwise non-isomorphic. From [8](5.4), we know
that A is a Roiter ditalgebra. Hence, from [8](17.1)–(17-2), the B-module X is admissible. The
B-module X is complete by [8](13.3), see [8](12.4), and it is triangular by [8](17.4). Then, AX
is a triangular ditalgebra, its natural triangular structure is described in [8](14.10).
The proof of the first item can be found in [4], but for completeness, we recall the argument.
Make M := F X (N ) and H X := HomR(W0 ⊗R M, M). Then,
H := HomS(X∗⊗B BW ′′0 B ⊗B X ⊗S N , N )
∼= HomB(BW ′′0 B ⊗B X ⊗S N , X ⊗B N )
∼= HomB(BW ′′0 B ⊗B M, M)
∼= HomB(B ⊗R W ′′0 ⊗R B ⊗B M, M)
∼= HomB(B ⊗R W ′′0 ⊗R M, M)
∼= HomR(W ′′0 ⊗R M, M),
where the first isomorphism is given by the fact that X is a finitely generated projective right S-
module and the third one is due to [8](12.2)(3). Then, dimk H X = dimk HomR(W ′0 ⊗R M, M)+
dimk H , and from this we obtain the formula in the statement of the lemma.
Denote by {ei }ni=1, the orthogonal primitive central idempotents given by the unit
decomposition of R, assume that M is sincere and make ℓ = ℓ(M), then
dimk HomR(W ′0 ⊗R M, M) =

i, j
ℓiℓ j dimk(ei W ′0e j ),
which is clearly not zero if W ′0 ≠ 0.
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In order to prove the second item, denote by { f j }tj=1 the orthogonal primitive central
idempotents given by the unit decomposition of S. Consider anA-module M . Then, the condition
M ∼= X ⊗S N in B-Mod, for some S-module N can be replaced by M ∼= ⊕tj=1 X f j ⊗S ft ft N
in B-Mod, for some S-module N . The last one, since S ft is a division algebra and X f j = X j ,
is equivalent to M ∼= ⊕tj=1 X
(I j )
j in B-Mod, where each I j is a basis of the S f j -vector space
f j N , for some S-module N . But clearly, such an S-module N determines the sets I1, . . . , It , and
given a family of sets I1, . . . , It , we can construct the S-module N := ⊕tj=1 S f
(I j )
j . Then, our
statement follows from [8](25.5). Of course, for a finite-dimensional A-module M , all the basis
I1, . . . , It are finite.
For i ∈ [1, n], we have the equalities
ℓDi (ei F
X (N )) = ℓDi (ei X ⊗S N ) =

j
ℓDi (ei X f j ⊗S f j f j N ) =

j
[X ]i jℓS f j ( f j N ),
and item 3 follows. Adding over i ∈ [1, n], we obtain ℓ(F X (N )) = i j [X ]i jℓS f j ( f j N ) ≥
j ℓS f j ( f j N ) = ℓ(N ). Item 4 follows from this. 
Lemma 7.4. Given an admissible ditalgebra A, assume that the admissible ditalgebra A′ is
obtained from A by a finite sequence of reductions of either of the types described in (2.5), (2.6)
or (2.7) and that B ′ is a generically tame minimal algebra of infinite representation type, which
is an initial subalgebra of A′. Consider the composite functor
B ′-Mod E−→A′-Mod G−→A-Mod,
where E is the associated extension functor and G is the composition of the reduction functors
associated to the finite sequence of reductions which transform A into A′. Then, we have the
following.
1. If the functor G E maps one indecomposable regular B ′-module onto a sincere A-module, it
maps each indecomposable regular B ′-module onto a sincere A-module.
2. For any C ∈ N, almost every non-regular finite-dimensional indecomposable B ′-module N
with G E(N ) sincere satisfies that ∥G E(N )∥ > C.
Proof. (1) Notice that, since B ′ is a proper subalgebra of A′, the functor E preserves length
vectors, that is ℓ(H) = ℓ(E(H)), for each H ∈ B ′-mod.
We consider first the case where A′ = A, thus G does not appear. Assume that H ∈ B ′-Mod
is such that E(H) is a sincere A′-module. If B ′ is infinite-dimensional, then the length vector of
any non-trivial B ′-module H has only one component, which is not zero, and the same holds for
E(H). Thus, the first item is trivial in this case (where we agreed to call regular indecomposable
any finite-dimensional indecomposable B ′-module). If B ′ is finite-dimensional, since it has
infinite representation type, it makes sense to consider the regular B ′-modules. As remarked
in (6.6), there is a vector λ, such that for any indecomposable regular B-module H , we have
ℓ(H) = cHλ, for some cH ∈ N. Then, the fact that ℓ(E(H)) = cHλ has no zero components,
that is E(H) is sincere, occurs simultaneously for all indecomposable regular B ′-modules H or
for none of them.
Now, we look at the case where there is a functor G. Again, we use the existence of a vector
λ such that, for any indecomposable regular B ′-module H , we have ℓ(H) = cHλ, for some
cH ∈ N. Notice that this fact also holds for the case of an infinite-dimensional B ′. Having in
R. Bautista et al. / Advances in Mathematics 231 (2012) 436–481 463
mind (7.3)(3), we have a matrix Q such that
ℓ(G E(H)) = Qℓ(E(H))t = Qℓ(H)t = cH Q(λ)t .
Assume that G E(H0) is sincere, for some indecomposable regular B ′-module H0. Applying the
last equality to H0, we get that Q(λ)t has no zero component. Then, the same equality shows
that ℓ(G E(H)) has no zero component for any indecomposable regular B ′-module H . Thus, any
such G E(H) is sincere.
(2) If B ′ is infinite-dimensional, there is nothing to show: every finite-dimensional
indecomposable B ′-module is regular. Thus assume that B ′ is finite-dimensional. Then, as we
already mentioned in (6.6), for any C ∈ N, there are only finitely many pairwise non-isomorphic
preprojective or preinjective indecomposable B ′-modules with length bounded by C . Then, in
case A = A′, item 2 follows from (7.2).
In the general case, assume that there are infinitely many non-isomorphic non-regular
indecomposable B ′-modules N such that their image G E(N ) is sincere indecomposable with
∥G E(N )∥ ≤ C . Then, from (7.2), there are infinitely many non-isomorphic non-regular
indecomposable B ′-modules N such that their image G E(N ) is sincere indecomposable with
ℓ(G E(N )) ≤ nC . Since reduction functors are length controlling, see (7.2)(3), these modules N
satisfy ℓ(N ) ≤ ℓ(G E(N )) ≤ nC , contradicting (6.6). 
Theorem 7.5. Assume that the admissible ditalgebra A is constructible from a generically tame
finite-dimensional basic algebra over the infinite perfect field k. Then, for any integer d ≥ 0,
there are constructible ditalgebras A1, . . . ,Am , and pregenerically tame minimal algebras of
infinite representation type B1, . . . , Bm , where each Bi is an initial subalgebra of Ai , and a
family of functors F1, . . . , Fm such that
1. the functor Fi : Bi -Mod−→A-Mod preserves indecomposability and isomorphism classes,
for any i ∈ [1,m];
2. for almost every sincere indecomposable M ∈ A-Mod with ∥M∥ ≤ d there exist i ∈ [1,m]
and N ∈ Bi -mod such that Fi (N ) ∼= M in A-Mod;
3. the functor Fi : Bi -mod−→A-mod maps regular Bi -modules onto sincere A-modules, for
i ∈ [1,m];
4. if {Nu}u∈U and {Mu}u∈U are infinite families of pairwise non-isomorphic indecomposable
regular modules in Bi -mod and B j -mod, respectively, such that Fi (Nu) ∼= F j (Mu) for all
u ∈ U, then i = j ;
5. each functor Fi is the composition Bi -Mod
Ei−→Ai -Mod Gi−→A-Mod, where Ei is the
associated extension functor and Gi is the composition of the reduction functors associated
to a finite sequence of reductions which transform A to Ai .
Proof. Since A is constructible, from (4.6), we know that A is pregenerically tame. The same
will remain true for any ditalgebra obtained from A by a finite number of the permitted
reductions.
Given d ≥ 0, we say that an admissible ditalgebraA′ has finite d-representation type iff there
is only a finite number of isoclasses of indecomposable A′-modules M with ∥M∥ ≤ d. We say
that A′ has finite sincere d-representation type iff there is only a finite number of isoclasses of
sincere indecomposable A′-modules M with ∥M∥ ≤ d .
We shall prove the theorem by induction on d. If d = 0 and M ∈ A-Mod is sincere with
∥M∥ = 0 then, the layer of A is of the form (R,W ), with W0 = 0. Hence, A has finite
representation type and there is nothing to show. So assume that d > 0 and that the theorem
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holds for any admissible ditalgebra A′ constructible from a generically tame finite-dimensional
basic algebra and any d ′ < d .
Now, we have to consider the sincere indecomposable modules M ∈ A-Mod with ∥M∥ ≤ d .
If A admits only finitely many isoclasses of such modules, we have nothing to show (there are
no such families of functors). So we assume that A is of infinite sincere d-representation type.
Since A is an admissible ditalgebra, we can look at the triangular filtration 0 = W 00 ⊆
W 10 ⊆ · · · ⊆ W s0 = W0, which is additive, as in [8](5.1), because the field k is perfect and
hence R⊗k R is semisimple. Then, after performing a refinement, if necessary, we can assume
that W 10 is a simple direct summand of the R–R-bimodule W0. Then, by triangularity, we have
that δ(W 10 ) ⊆ W1. Moreover, we have R–R-bimodule decompositions W0 = W 10 ⊕ W ′′0 and
W1 = δ(W 10 )⊕ W ′′1 . We consider two cases.
Case 1: δ(W 10 ) ≠ 0.
Since W0 is a simple R–R-bimodule, W 10 ∩ Ker δ = 0 and we can apply the regularization
described in (2.6), to obtain a length preserving equivalence Fr : Ar -Mod−→A-Mod, as
in [8](8.19). If Ar is of finite sincere (d − 1)-representation type, then A is of finite sincere
d-representation type. Indeed, given any sincere indecomposable A-module with ∥M∥ = d ,
there is N ∈ Ar -Mod with Fr (N ) ∼= M and ∥N∥ < ∥M∥, and so N is a sincere Ar -module
with ∥N∥ ≤ d − 1. Thus, if there are only finitely many possible isoclasses of such Ar -modules
N , there will be only finitely many possible isoclasses of such A-modules M .
By assumption, A is of infinite sincere d-representation type, thus Ar is of infinite
sincere (d − 1)-representation type and we can apply the induction hypothesis to the
constructible pregenerically tame ditalgebra Ar and d − 1, to obtain a family of functors
Fi : Bi -Mod−→Ar -Mod, i ∈ [1,m], satisfying the corresponding conditions 1–5. Let us show
that the family F := {Fr Fi | i ∈ [1,m]} is the required family of functors for A and d.
Item 1 is clear because Fr preserves indecomposables and isomorphism classes. Hence, so
does every functor in F . Item 2, is also clear, since we realize every sincere indecomposable
A-module M with ∥M∥ ≤ d as Fr (N ) ∼= M , for some Ar -module N with ∥N∥ < d. Then,
we can apply our induction hypothesis to almost every such indecomposable sincere Ar -module
N to obtain Fi (H) ∼= N , for some H ∈ Bi -mod, thus M ∼= Fr Fi (N ) and we are done. Item
3, follows from the induction hypothesis and the fact that the functor Fr maps sincere modules
onto sincere modules. Finally, item 4 follows from the induction hypothesis and the fact that Fr
reflects isomorphisms.
Case 2: δ(W 10 ) = 0.
Consider the initial subalgebra B of A determined by the R–R-bimodule W 10 given above.
Consider also the extension functor E : B-Mod−→A-Mod and the restriction functor R :
A-Mod−→B-Mod. Let us first examine this algebra B.
Since W 10 is a simple R–R-bimodule, there exist i, j ∈ [1, n] with e j W 10 ei = W 10 . If
i = j , for notational simplicity, we assume that i = 1 and write e := e1. Then, B =
TR(W 10 )
∼= TD1(W 10 ) × D2 × · · · × Dn . Thus eBe = TD1(W 10 ) is a minimal algebra. If
i ≠ j , for notational simplicity, we assume that i = 1, j = 2 and write e = e1 + e2. Then,
B = TR(W 10 ) ∼= TD1×D2(W 10 ) × D3 × · · · × Dn . Then, eBe = TD1×D2(W 10 ) is a minimal
algebra.
In both cases, we have that the full and faithful extension functor Be⊗eBe − :
eBe-Mod−→ B-Mod is such that with only finitely many possible exceptions, the isoclasses
of the indecomposable B-modules are represented by modules of the form Be⊗eBe H , for some
indecomposable H ∈ eBe-Mod.
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Since A is pregenerically tame, from (2.4), we know that B is also pregenerically tame. It
follows that eBe is pregenerically tame too. We can consider the composition functor F
eBe-Mod
Be⊗eBe −−→ B-Mod E−→ A-Mod,
which, from (2.4), preserves indecomposability and isomorphism classes. Notice that if F maps
an indecomposable eBe-module onto a sincere A-module, then B = eBe.
In case the algebra B is not of finite representation type, apply (5.2) and (5.3) to the number
nd to obtain a finite family I(nd) of finite-dimensional indecomposable B-modules such that,
for any indecomposable A-module M with ℓ(M) ≤ nd and M  E(N ) in A-Mod, for any
N ∈ B-Mod, the module R(M) is isomorphic in B-Mod to a direct sum of modules in I(nd).
If we are in the case where the algebra B is of finite representation type, we denote by I(nd)
a complete set of non-isomorphic finite-dimensional indecomposable B-modules, to obtain
trivially that, for any indecomposable A-module M with ℓ(M) ≤ nd in A-Mod, we have that
R(M) is isomorphic in B-Mod to a direct sum of modules of I(nd).
In any case, B of finite representation type or not, let X1, . . . , X t be a complete set of
pairwise non-isomorphic representatives of the B-modules in I(nd) and make X := X1 ⊕
· · · ⊕ X t . Consider the reduction A → AX described in (7.3) and its associated functor FX :
AX -Mod−→A-Mod. From (2.7), the ditalgebra AX is pregenerically tame and constructible.
The class of indecomposable A-modules of length ≤ nd is contained in the union of the classes
Im E and Im FX , where Im E denotes the class of A-modules of the form M ∼= E(N ), for
some N ∈ B-Mod, and Im FX denotes the indecomposable A-modules M , which satisfy that
R(M) ∼= m1 X1 ⊕ · · · ⊕ mt X t in B-Mod, for some m1, . . . ,mt ≥ 0. It follows, from (7.3)(2),
that a finite-dimensionalA-module M with the last property has the form FX (N ) ∼= M , for some
N ∈ AX -mod. From the previous discussion and (7.2), any sincere indecomposable A-module
with ∥M∥ ≤ d lies in Im E  Im FX .
Assume that AX is of finite (d − 1)-representation type. Hence, there can only be finitely
many isoclasses of sincere indecomposable A-modules M ∈ Im FX with ∥M∥ ≤ d. Then,
almost every sincere indecomposable A-module M with ∥M∥ ≤ d lies in Im E , and there is
an infinite number of pairwise non-isomorphic such modules M , because we are assuming that
A has infinite sincere d-representation type. Let us see that in this case, the family F := {F}
satisfies properties 1–4 for A and d.
We already know that F satisfies item 1. Recall that we are assuming that almost every sincere
indecomposable A-module M with ∥M∥ ≤ d lies in Im E and that they determine infinitely
many isoclasses. Then, having in mind that almost every indecomposable B-module is an eBe-
module, we get that for almost every such M there is an indecomposable eBe-module H with
F(H) ∼= M . Thus, B = eBe and F ∼= E . Moreover, from (7.4)(2), almost every such H is
a regular B-module. Thus, item 2 holds. From (7.4)(1), the functor F maps indecomposable
regular modules onto sincere A-modules (item 3). Finally, item 4 holds trivially because there is
only one functor in F .
From now on, we assume that AX has infinite (d − 1)-representation type.
Consider the constructible ditalgebras AXd1 , . . . ,AXdt obtained from AX by deletion
of a finite number of idempotents of S, and the corresponding reduction functors Fdi :
AXdi -Mod−→AX -Mod, for i ∈ [1, t].
Since AX has infinite (d − 1)-representation type, it admits an infinite family of pairwise
non-isomorphic indecomposable modules N with ∥N∥ ≤ d − 1. This infinite family determines
either an infinite family of sincere AX -modules with norm ≤ d − 1, thus AX has infinite sincere
(d−1)-representation type, or there is a finite subset of idempotents of S such that the ditalgebra
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AXdi obtained from AX by eliminating these idempotents admits an infinite family of sincere
indecomposable AXdi -modules with norm ≤ d − 1.
DefineAXd0 := AX and denote by Fd0 : AXd0 -Mod−→AX -Mod the identity functor. Every
sincere AX -module M lies in AXd0 -Mod and Fd0(M) = M .
Now, we consider the subset I of [0, t] defined by i ∈ I iff the ditalgebra AXdi is of infinite
sincere (d−1)-representation type, and discard the remaining ones. The above discussion shows
that I ≠ ∅.
If M is a sincere indecomposableA-module with ∥M∥ ≤ d, such that for some N ∈ AX -Mod,
we have F X (N ) ∼= M , then there is a sincere indecomposable AXd j -module L with Fd j (L) ∼=
N , hence ∥L∥ = ∥N∥ < ∥M∥ ≤ d . Thus, there are only finitely many possible choices for such
L , when AXd j is of finite sincere (d − 1)-representation type. Thus, eliminating all the AXd j of
sincere finite (d−1)-representation type, we will only loose a finite number of isoclasses of such
modules M .
Then, apply the induction hypothesis to each AXdi and d − 1, for i ∈ I , to obtain minimal
algebras {Bi j }nij=1 and functors {Fi j : Bi j -Mod−→AXdi -Mod}nij=1 satisfying the corresponding
requirements. Then, for any i and j , we can consider the compositions
Bi j -Mod
Fi j−→AXdi -Mod Fdi−→AX -Mod FX−→A-Mod.
We will extract the family of functors we need for A and d from the family
F := {F} ∪ {F X Fdi Fi j | i ∈ I and j ∈ [1, ni ]}.
First, we show that the functors in the family F cover almost every sincere indecomposable
A-module M with ∥M∥ ≤ d. That is item 2 is satisfied by this family. Indeed, given such a
module M , by the discussion above, we have that M ∈ Im FX  Im E .
For almost all M ∈ Im FX , we have that M ∼= FX (N ) for some N ∈ AX -mod and
N ∼= Fdi (L), for some i ∈ I and some sincere indecomposable L ∈ AXdi -mod. We know that
∥L∥ = ∥N∥ < ∥M∥ ≤ d , because M is sincere. Therefore, by induction hypothesis, for almost
every such module L , we get L ∼= Fi j (H) for some H ∈ Bi j -mod. Hence, F X Fdi Fi j (H) ∼= M ,
as claimed.
If M ∈ Im E , thus M ∼= E(N ), for some indecomposable N ∈ B-Mod. Since N is
indecomposable and M is sincere, we have B = eBe, and F(N ) ∼= M .
In the following discussion we will discard some functors of the family F , without spoiling
the covering condition we have just proved for F .
First, if B is of finite representation type then any finite-dimensional indecomposable M ∈
A-Mod has R(M) isomorphic in B-Mod to a direct sum of modules in I(nd), therefore
M ∈ Im F X . Then, as we have just seen, almost every sincere indecomposable A-module M
in Im FX with ∥M∥ ≤ d has the form F X Fdi Fi j (H) ∼= M , for some H ∈ Bi j -mod. Thus we
can discard the functor F from the family F .
So, we will assume that the functor F is left in F only if B has infinite representation type.
Then, the algebra eBe, as well as any of the minimal algebras Bi j are pregenerically tame of
infinite representation type.
If the functor F maps one regular eBe-module H onto a non-sincere A-module, from our
previous Lemma 7.4, we know that it maps any regular module onto a non-sincere A-module,
and in this case again we can discard the functor F from the family F . Doing this, we only
omit to cover the sincere indecomposable A-modules M with norm ≤ d which were of the form
F(H) ∼= M , for some non-regular indecomposable eBe-module H (a finite number of isoclasses,
according to the last statement of (7.4)).
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So, we will assume that F is left in the family F only if eBe is such that F maps regular
eBe-modules onto sincere A-modules.
Now, assume that the functor F X Fdi Fi j is such that F X Fdi Fi j (H) is not sincere, for some
indecomposable regular Bi j -module H . From (7.4), the functor F X Fdi Fi j covers only finitely
many isoclasses of indecomposable sincere A-modules with ∥M∥ ≤ d . Hence, we can discard
the functor F X Fdi Fi j from our family F , since we only leave aside finitely many possible
isoclasses of sincere indecomposable A-modules M with ∥M∥ ≤ d which are may be not
covered by the other functors of the family F .
So, we assume that the functor F X Fdi Fi j appears in the family F only if it maps
indecomposable regular modules onto sincere ones.
Now, we have to show that the family F , after discarding the functors pointed out above,
satisfies items 1–4. We already know that item 1 holds, because each functor in F is either a
composition of reduction functors or it is F . Item 2 holds, because we only discarded functors
when we could cover almost every sincere indecomposable A-module M such that ∥M∥ ≤ d
with the remaining functors in F . Item 3 holds, because we discarded every functor in F without
this property. In the following, we proceed to the proof of item 4.
Notice first that, as a consequence of (7.3)(2), if L ∈ B-Mod is indecomposable such that
E(L) ∼= F X (L ′), for some L ′ ∈ AX -Mod, then L ∼= RE(L) has to be isomorphic to one of the
indecomposable B-modules X1, . . . , Xn . Thus, for almost every indecomposable N ∈ B-Mod,
there is no L ′ ∈ AX -Mod with F X (L ′) ∼= E(N ). This implies that there is no pair of infinite
families of pairwise non-isomorphic indecomposables {Nu}u∈U in B-Mod and {Mu}u∈U in
Bi j -Mod such that F X Fdi Fi j (Mu) ∼= F(Nu), for all u ∈ U .
Assume then that there is a pair of infinite families of pairwise non-isomorphic
indecomposable regular modules {Mu}u∈U in Bi j -mod and {Nu}u∈U in Bi ′ j ′ -mod such that
F X Fdi ′ Fi ′ j ′(Nu) ∼= F X Fdi Fi j (Mu), for all u ∈ U . Then, since F X reflects isomorphisms,
we get Fdi ′ Fi ′ j ′(Nu) ∼= Fdi Fi j (Mu), for all u ∈ U . In particular, they have the same support.
But item 3 holds for the families {Fi j } j and {Fi ′ j ′} j ′ and so Fi ′ j ′(Nu) and Fi j (Mu) are sincere
modules over AXdi ′ and AXdi , respectively, hence i = i ′. Then, Fi j ′(Nu) ∼= Fi j (Mu), for all
u ∈ U . From the induction hypothesis, j = j ′.
Then, the family of functors F is what we wanted to construct, the last item follows from the
given construction. 
Theorem 7.6. Assume that an admissible ditalgebra A is constructible from a generically tame
finite-dimensional basic algebra over the infinite perfect field k. Then, for any integer d ≥ 0,
there are constructible ditalgebras A1, . . . ,Am , and pregenerically tame minimal algebras of
infinite representation type B1, . . . , Bm , where each Bi is an initial subalgebra of Ai , and a
family of functors F1, . . . , Fm such that
1. the functor Fi : Bi -Mod−→A-Mod preserves indecomposability and isomorphism classes,
for any i ∈ [1,m];
2. for almost every indecomposable M ∈ A-Mod with length ≤ d there exist i ∈ [1,m] and
N ∈ Bi -mod such that Fi (N ) ∼= M in A-Mod;
3. if {Nu}u∈U and {Mu}u∈U are infinite families of pairwise non-isomorphic indecomposable
regular modules in Bi -mod and B j -mod, respectively, such that Fi (Nu) ∼= F j (Mu) for all
u ∈ U, then i = j ;
4. each functor Fi is the composition Bi -Mod
Ei−→Ai -Mod Gi−→A-Mod, where Ei is the
associated extension functor and Gi is the composition of the reduction functors associated
to a finite sequence of reductions which transform A into Ai .
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Proof. From (4.6), we know that A is pregenerically tame. Notice that, in order to prove our
Theorem 7.6, it will be enough to prove items 1, 3, 4 and the following item 2′.
2′. For almost every indecomposable M ∈ A-Mod with norm ≤ d there are i ∈ [1,m] and
N ∈ Bi -mod with Fi (N ) ∼= M in A-Mod.
Indeed, given d ≥ 0, there are only finitely many length vectors ℓ such that ni=1 ℓi ≤ d ,
consider their maximal norm dˆ := maxℓ{∥ℓ∥}. Then, if 2′ holds for dˆ , any indecomposable A-
module M with length ≤ d has length vector ℓ := ℓ(M) satisfying ni=1 ℓi ≤ d and, therefore,
∥M∥ ≤ dˆ and we can apply 2′ to obtain 2.
We assume that A has infinite d-representation type, otherwise, there is nothing to prove.
Consider the admissible constructible ditalgebras Ad1 , . . . ,Adt obtained from A by deletion
of a finite number of idempotents of R. We consider also Ad0 := A and the identity functor
Fd0 : Ad0 -Mod−→A-Mod, thus every sincere indecomposable A-module M lies in Ad0 -Mod
and Fd0(M) = M . Consider the subset I of [0, t] defined by i ∈ I iff Adi is of infinite d-
representation type. Then, apply (7.5) to each Adi and d, for i ∈ I , to obtain minimal algebras
{Bi j }nij=1 and functors Fi j : Bi j -Mod−→Adi -Mod satisfying the corresponding statements 1–5
of (7.5) for each Adi and d. Then, we can consider the family of compositions
F := {Bi j -Mod Fi j−→Adi -Mod
Fdi−→A-Mod | i ∈ I and j ∈ [1, ni ]}.
It is clear that the family F satisfies item 1, because the families {Fi j } j do so and Fdi preserves
indecomposables and isomorphism classes. The family F also satisfies 2′ because, given any
indecomposable M ∈ A-Mod with ∥M∥ ≤ d , we have M ∼= Fdi (N ), for some sincere
indecomposable N ∈ Adi -Mod with ∥N∥ = ∥M∥ ≤ d. For almost all of these indecomposables
N , we have Fi j (H) ∼= N , for some H ∈ Bi j -mod.
Assume then that there is a pair of infinite families of pairwise non-isomorphic
indecomposable regular modules {Nu}u∈U in Bi j -mod and {Mu}u∈U in Bi ′ j ′ -mod such that
Fdi ′ Fi ′ j ′(Mu) ∼= Fdi Fi j (Nu), for all u ∈ U . Then, proceeding as in the proof of last theorem,
we obtain i = i ′ and j = j ′.
Finally, item 4 is also satisfied because each Fi j satisfies (7.5)(5). 
Remark 7.7. Given an admissible ditalgebra A with layer (R,W ), there is a constant c ∈ N
such that, ℓ(M) ≤ dimk M ≤ cℓ(M), for any M ∈ A-Mod. Therefore, in the statement of the
last theorem, we can replace the phrase with length≤ d by the phrase with k-dimension ≤ d , and
obtain a valid result.
8. Transition to finite-dimensional algebras
Lemma 8.1. Assume that B is a proper subalgebra of the admissible ditalgebra A and
denote by E : B-Mod−→A-Mod, the extension functor. Consider the natural exact structure
on A-Mod (see [8](6.8)). Then, the functor E is exact and induces an injective morphism
ExtB(−, ?)−→ExtA(E(−), E(?)).
Proof. Clearly, whenever we have an exact sequence 0−→ N f
0
−→ L g
0
−→ M −→ 0 in B-Mod,
we have in A-Mod the exact sequence
0 −→ E(N ) f
0
−→ E(L) g
0
−→ E(M) −→ 0
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and, hence, the exact pair E(N )
( f 0,0)−→ E(L) (g
0,0)−→ E(M) in the exact category A-Mod;
see [8](6.2). Thus, the functor E is exact. If the previous conflation splits, there is (h0, h1) ∈
HomA(E(L), E(N )) with (h0, h1)( f 0, 0) = IE(N ). In particular, h0 f 0 = I d. Recall that, given
the layer (R,W ) of A, the algebra B has the form B = TR(W ′0), for some direct summand W ′0
of W0 with δ(W ′0) = 0. It follows that h0 is a morphism of B-modules and hence the original se-
quence splits. Then, the functor E induces an injection ExtB(−, ?)−→ExtA(E(−), E(?)). 
Theorem 8.2. Let Λ be a generically tame finite-dimensional algebra over an infinite perfect
field k and let d be a non-negative integer. Then, there is a finite sequence of pregenerically tame
minimal algebras of infinite representation type B1, . . . , Bm , and Λ–Bi -bimodules Z1, . . . , Zm ,
which are finitely generated as right Bi -modules, satisfying the following.
1. The functor Zi ⊗Bi − : Bi -Mod−→Λ-Mod preserves indecomposability and isomorphism
classes of modules without injective direct summands, if Bi is a minimal algebra of the first
type in (6.1).
2. The functor Zi ⊗Bi − : Bi -Mod−→Λ-Mod preserves indecomposability and isomorphism
classes, if Bi is a minimal algebra of the second type in (6.1).
3. Almost every indecomposable Λ-module M with dimk M ≤ d is isomorphic to Zi ⊗Bi N, for
some i ∈ [1,m] and some N ∈ Bi -mod.
4. If {Nu}u∈U and {Mu}u∈U are infinite families of pairwise non-isomorphic indecomposable
regular modules in Bi -mod and B j -mod, respectively, such that Zi ⊗Bi Nu ∼= Z j ⊗B j Mu for
all u ∈ U, then i = j .
Proof. We first show that we can assume that Λ is a basic algebra. Indeed, assume that the
theorem holds for basic algebras, and assume that Λ is not basic and take d ≥ 0. Consider a
basic finite-dimensional k-algebra Λ′ which is Morita equivalent to Λ. From [8](29.8)(1), we
know that Λ′ is generically tame. Consider a Λ–Λ′-bimodule P , finitely generated projective
by the right which realizes the equivalence P ⊗Λ′ − : Λ′-Mod−→Λ-Mod. Thus, for instance
from [8](27.11), there is some s ∈ N such that for any M ′ ∈ Λ′-mod, we have that dimk M ′ ≤
s × dimk(P ⊗Λ′ M ′). Define d ′ := s × d. Then, by assumption, there are minimal algebras
B1, . . . , Bm and Λ′–Bi -bimodules Z ′1, . . . , Z ′m , which are finitely generated as right Bi -modules,
satisfying the following.
1′. The functor Z ′i ⊗Bi − : Bi -Mod−→Λ′-Mod preserves indecomposability and isomorphism
classes of modules without injective direct summands, if Bi is a minimal algebra of the first
type.
2′. The functor Z ′i ⊗Bi − : Bi -Mod−→Λ′-Mod preserves indecomposability and isomorphism
classes, if Bi is a minimal algebra of the second type.
3′. Almost every indecomposable Λ′-module M ′ with dimk M ′ ≤ d ′ is isomorphic to Z ′i ⊗Bi N ,
for some i ∈ [1,m] and some N ∈ Bi -mod.
4′. If {Nu}u∈U and {Mu}u∈U are infinite families of pairwise non-isomorphic indecomposable
regular modules in Bi -mod and B j -mod, respectively, such that Z ′i ⊗Bi Nu ∼= Z ′j ⊗B j Mu for
all u ∈ U , then i = j .
Consider, for each i , the Λ–Bi -bimodule Zi := P ⊗Λ′ Z ′i . Since P is a finitely generated
projective right Λ′-module, each bimodule Zi is finitely generated as a right Bi -module. Let us
show that items 1– 4 hold for Λ.
Since P ⊗Λ′ Z ′i ⊗Bi − is the composition of Z ′i ⊗Bi − and the equivalence P ⊗Λ′ −, the first
and second items are clear. For the third item, take an indecomposable M ∈ Λ-Mod with
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dimk M ≤ d and take M ′ ∈ Λ′-Mod with P ⊗Λ′ M ′ ∼= M . Then, as we mentioned above,
dimk M ′ ≤ s × d = d ′ and, for almost all such M ′, we have Z ′i ⊗Bi N ∼= M ′, for some i and
some Bi -module N . Therefore, Z ⊗Bi N ∼= M , and we are done.
From now on, we assume that our given finite-dimensional algebra Λ is basic. Since k is
a perfect field, the algebra Λ splits over its radical J and, therefore, its Drozd’s ditalgebra
D := DΛ is admissible. By definition, D is constructible from the generically tame algebra
Λ. Apply (7.6) to the ditalgebra D and the integer d ′ := (1 + dimk Λ) dimk Λ × d to obtain the
corresponding constructible ditalgebras A1, . . . ,Am and pregenerically tame minimal algebras
of infinite representation type B1, . . . , Bm , where each Bi is an initial subalgebra of Ai , and the
corresponding family of functors Fi : Bi -Mod−→D-Mod such that (7.6)(1)–(4) hold for D
and d ′.
For a fixed i ∈ [1,m], adopt the notation A = Ai = Dz1···zn and B = Bi . Then, we have that
the functor Fi is isomorphic to the composition:
B-Mod
B ⊗B −−→ B-Mod E−→ Dz1···zn -Mod G=F z1 ···F zn−→ D-Mod.
The B–B-bimodule B is free finitely generated by the right; hence the A–B-bimodule E(B)
is free finitely generated by the right. We have the equality of functors LA(E(B)⊗B −) =
E(B ⊗B −) and we can apply [8](22.7), to obtain that G E(B) is a D–B-bimodule projective by
the right and the composition of the functor E(B)⊗B − with the restriction A-Mod−→ D-Mod
of G is given by the tensor G(E(B))⊗B −. Here, D = AD and A = AA. Notice that Fi =
LD(G(E(B))⊗B −) and recall that it preserves isomorphism classes and indecomposables.
Consider the usual equivalence functor ΞΛ : D-Mod−→P1(Λ).
Claim 1. If Bi is a minimal algebra of the second type, then for any M ∈ Bi -Mod, we have
ΞΛFi (M) ∈ P2(Λ).
Proof of Claim 1. We use the fact that projective finitely generated Bi -modules are free of finite
rank. Indeed, from Cohn’s theorem (see [9,10]), Bi is a free ideal ring; from Kaplanski’s theorem
(see [29]), every projective Bi -module is free; finally, Bi has the IBN property, because it admits
a finite-dimensional algebra as a quotient.
We have in mind also that there is an infinite family of non-isomorphic finite-dimensional
indecomposable Bi -modules.
Then, we can apply [8](22.20), to derive that no non-zero object of the form (P, 0, 0) is
isomorphic in P1(Λ) to one of the form Fi (M), with M ∈ Bi -Mod. This ends the proof of
Claim 1. 
Claim 2. If Bi is a minimal algebra of the first type then, for any non-injective indecomposable
M ∈ Bi -Mod, we have ΞΛFi (M) ∈ P2(Λ).
Proof of Claim 2. We use the natural exact structures on the module category of a Roiter
ditalgebra and on P1(Λ) defined in [8]Section 6(6.8) and [8]Section 18. Relative to the exact
structure in P1(Λ), from [8](18.3), the objects (P, 0, 0) are injective. Since the indecomposable
objects in P1(Λ)\P2(Λ) have this form, we just have to see that ΞΛFi preserves non-injectivity.
From [8](19.10), the equivalence functor ΞΛ : D-Mod−→P1(Λ) induces an isomorphism of
bifunctors ExtD(−, ?) ∼= ExtP1(Λ)(ΞΛ(−),ΞΛ(?)). Hence, we have to see that Fi preserves non-
injectivity. Whenever A is an admissible ditalgebra, the reduction functors F z ∈ {F X , Fd , Fr }
are exact and induce injective morphisms ExtAz (−, ?)−→ExtA(F z(−), F z(?)), see [8](16.6),
(9.6), (9.9) and (9.10), hence they preserve non-injectivity. Then, the finite composition G of
R. Bautista et al. / Advances in Mathematics 231 (2012) 436–481 471
them has the same property. It is also clear that the functor B ⊗B − preserves non-injectivity.
The functor E also has this property, as a consequence of (8.1). This finishes the proof of
Claim 2. 
Now, for i ∈ [1,m], set Zi := Z ⊗D Fi (Bi ), where Z is the transition bimodule associated to
Λ, as in [8](22.18). Then, each Zi is finitely generated over Bi by construction.
For each i , denote by Hi the composition
Bi -Mod
Fi−→ DΛ-Mod ΞΛ−→ P1(Λ) Cok−→ Λ-Mod,
which is, by [8](22.18), naturally isomorphic to
CokΞΛ(Fi (Bi )⊗Bi −) ∼= Z ⊗D Fi (Bi )⊗Bi − = Zi ⊗Bi −.
(1) From Claim 2 and [8](18.10), if Bi is of the first type, Hi preserves indecomposables
which are non-injective. If M, N ∈ Bi -Mod have no injective direct summand, then
ΞΛFi (M),ΞΛFi (N ) also have this property (use [8](29.4) and the fact that Fi preserves non-
injectivity). Thus, Hi (M) ∼= Hi (N ) implies that M ∼= N .
(2) From Claim 1 and [8](18.10), if Bi is of the second type, Hi preserves indecomposables
and isomorphism classes. Thus, item 2 holds.
(3) Let M be an indecomposable Λ-module with dimk M ≤ d and consider L ∈ D-Mod with
CokΞΛ(L) ∼= M . From (4.4)(2), we get dimk L ≤ d ′. From (7.6), we know that for almost
all such modules L , we have that L ∼= Fi (N ), for some i ∈ [1,m] and N ∈ Bi -Mod. Hence,
M ∼= CokΞΛ(L) ∼= CokΞΛFi (N ) ∼= Zi ⊗Bi N .
(4) Assume that {Nu}u∈U and {Mu}u∈U are infinite families of pairwise non-
isomorphic indecomposable regular modules in Bi -mod and B j -mod, respectively, such that
CokΞΛFi (Nu) ∼= CokΞΛF j (Mu), for all u ∈ U . The families contain no injective
indecomposable Bi -module. Then, ΞΛFi (Nu),ΞΛF j (Mu) ∈ P2(Λ) and the existence of an
isomorphism CokΞΛFi (Nu) ∼= CokΞΛF j (Mu) in Λ-Mod, together with [8](18.10)(3), imply
that Fi (Nu) ∼= F j (Mu), for u ∈ U . From (7.6)(3), we get i = j . 
9. Almost split sequences and generic tameness
Lemma 9.1. Suppose that A and A′ are admissible ditalgebras over any field k. Consider the
corresponding usual exact structures on their categories of modules; see [8](6.8). Assume that
F : A′-Mod−→A-Mod is a fully faithful functor, that we have a pair of composable morphisms
M
f−→ L g−→ N in A′-Mod such that
F(M)
F( f )−→ F(L) F(g)−→ F(N )
is an almost split conflation in A-Mod, then M f−→ L g−→ N is an almost split conflation in
A′-Mod.
Proof. Since F(g f ) = F(g)F( f ) = 0, we have that g f = 0. It is also easy to see, using
that F is fully faithful, that f = Ker g and g = Coker f follow from F( f ) = Ker F(g)
and F(g) = CokerF( f ). Since in the layer (R′,W ′) of A′, the algebra R′ is semisimple, we
obtain that M
f−→ L g−→ N is a conflation (see [8](6.6)). Again, since F(M) and F(N ) are
indecomposable and F is fully faithful, we have that M and N are indecomposable. It is also
straightforward to verify, using that F is full and faithful, that g is right almost split and f is left
almost split. 
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Lemma 9.2. Assume that B is an initial subalgebra of the admissible ditalgebraA over any field
k. Consider the associated restriction functor R : A-Mod−→ B-Mod and the extension functor
E : B-Mod−→A-Mod. Suppose that we are given an almost split conflation in A-mod
ξ : E(M) u−→ L v−→ E(N )
where M, N are some finite-dimensional indecomposable B-modules. Then, the following holds,
1. Whenever the restricted sequence R(ξ) splits in B-mod, the module L is indecomposable.
2. Whenever the restricted sequence R(ξ) does not split in B-mod, it is an almost split sequence
and, moreover, E R(ξ) ∼= ξ .
Proof. (1) Suppose that the sequence R(ξ) splits in B-mod and assume that L is not
indecomposable. Then L ∼= L1 ⊕ L2 for some non-trivial modules L1, L2 ∈ A-mod,
and R(L1) ⊕ R(L2) ∼= R(L) ∼= M ⊕ N . Thus, the B-modules R(L1), M, N , R(L2) are
indecomposables. The morphism u has the matrix form u = [u1, u2]t , where u1 : E(M)−→ L1
and u2 : E(M)−→ L2. Since R(ξ) splits, the morphism R(u) = [R(u1), R(u2)]t is a section
and, hence, there is a morphism of B-modules [µ1, µ2] : R(L1) ⊕ R(L2)−→ M such that
µ1 R(u1) + µ2 R(u2) = 1M . But, EndB(M) is a local algebra, so µ1 R(u1) or µ2 R(u2) is an
isomorphism. Assume that the first one is an isomorphism and write down the components of
the morphism u1 = (u01, u11) ∈ HomA(E(M), L1). Then, the composition of R(u1) = u01 :
M −→ R(L1) with µ1 : R(L1)−→ M is an isomorphism. Thus, u01 is a section in B-mod
between indecomposables, hence it is an isomorphism. Therefore, u1 : E(M)−→ L1 is an
isomorphism in A-mod, and this implies that the conflation ξ splits; a contradiction. Thus, L
is indecomposable.
(2) Assume that the sequence R(ξ) does not split. Let us show that it is an almost split
sequence in B-mod. Take Z ∈ B-mod and a non-retraction f ∈ HomB(Z , N ). Then, we have the
non-retraction E( f ) ∈ HomA(E(Z), E(N )) and, since ξ is an almost split sequence, there is a
morphism t ∈ HomA(E(Z), L) such that vt = E( f ). Apply R to obtain R(v)R(t) = RE( f ) =
f , and that R(ξ) is an almost split sequence. Now, consider the non-split conflation obtained
from R(ξ) by applying E , and compare it with the original almost split conflation ξ to derive a
commutative diagram
E R(ξ) : E(M) E R(u)−→ E R(L) E R(v)−→ E(N )h′ h ∥
ξ : E(M) u−→ L v−→ E(N ).
Since R(v)R(h) = RE R(v) = R(v) and R(v) is a minimal right almost split morphism, we
obtain that R(h) is an isomorphism. It follows that h is an isomorphism in A-mod, and so is h′.

Proposition 9.3. Assume that B is an initial subalgebra of the admissible ditalgebra A over the
field k. Consider the associated restriction functor R : A-Mod−→ B-Mod and the extension
functor E : B-Mod−→A-Mod. Consider a finite-dimensional admissible ditalgebra D, as
in [8](7.15), and a full and faithful exact functor F : A-Mod−→D-Mod. Suppose that there is a
sequence {Nn}n∈N of finite-dimensional indecomposable B-modules and almost split sequences
in B-mod
ζ1 : N1 −→ N2 −→ N1,
ζn : Nn −→ Nn+1 ⊕ Nn−1 −→ Nn, for n ≥ 2.
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Then, we have the following.
1. If F E(ζ1) is an almost split conflation in D-mod, all the images {E(ζn)}n∈N are almost split
conflations inA-mod, and all the images {F E(ζn)}n∈N are almost split conflations inD-mod.
2. If E(ζ1) is an almost split conflation in A-mod and F E(N1) is homogeneous, then F E(ζ1)
is an almost split conflation in D-mod.
Proof. From [8](9.6) and (8.1), the exact functors E and F induce injections of bifunctors
ExtB(−, ?)−→ExtA(E(−), E(?))−→ExtD(F E(−), F E(?)) and, hence, E(Nn) is not projec-
tive in the exact categoryA-mod and F E(Nn) is not projective in the exact category D-mod, for
all n ∈ N.
(1) By assumption the conflation E(ζ1) : E(N1)−→ E(N2)−→ E(N1) is mapped by the full
and faithful functor F to the almost split conflation F E(ζ1). From (9.1), E(ζ1) is an almost split
conflation in A-mod.
Since D is a finite-dimensional ditalgebra, the category D-mod has almost split conflations;
see [8](7.18) and [8](5.6). Given an almost split conflation M −→ L −→ N in D-mod, we use
the notation τN := M .
Let us work first on the case n = 2. Assume Z2 −→ M2 −→ F E(N2) is an almost split
conflation in D-mod. Since F E(ζ1) is an almost split conflation, there is an irreducible mor-
phism F E(N1)−→ F E(N2). Then, F E(N1) is isomorphic to a direct summand of the mid-
dle term M2, and there is an irreducible morphism Z2 −→ F E(N1). Then, Z2 ∼= F E(N2)
and we have an almost split conflation ξ2 : F E(N2)−→ M2 −→ F E(N2). Now, E(ζ2) is a
non-split conflation in ExtA(E(N2), E(N2)) and this module is embedded as a submodule of
ExtD(F E(N2), F E(N2)) over the endomorphism algebra, which implies that there is an almost
split conflation ζ ′2 : E(N2)−→ M ′2 −→ E(N2) in A-mod such that F(ζ ′2) ∼= ξ2. Since, E(ζ1)
is an almost split conflation, the indecomposable E(N1) is isomorphic to a direct summand of
M ′2. But if M ′2 was indecomposable, we would have M ′2 ∼= E(N1) and this is impossible because
dimk M ′2 = 2 dimk E(N2) = 4 dimk E(N1). Thus, M ′2 is decomposable and we can apply (9.2)
to the conflation ζ ′2 to obtain that R(ζ ′2) is an almost split sequence (hence R(ζ ′2) ∼= ζ2), and
ζ ′2 ∼= E R(ζ ′2) ∼= E(ζ2) is an almost split conflation in A-mod, and F E(ζ2) ∼= F(ζ ′2) ∼= ξ2 is an
almost split conflation.
Now, we proceed by induction on n. Assume n ≥ 2 and that we already know that E(ζn)
and E(ζn−1) are almost split conflations in A-mod and that F E(ζn) and F E(ζn−1) are almost
split conflations in D-mod. Consider the almost split conflation Zn+1 −→ Mn+1 −→ F E(Nn+1)
in D-mod. Since F E(ζn) is an almost split conflation, there is an irreducible morphism
F E(Nn)−→ F E(Nn+1). Then, F E(Nn) is isomorphic to a direct summand of the middle term
Mn+1, and there is an irreducible morphism Zn+1 −→ F E(Nn). Then, Zn+1 ∼= F E(Nn+1)
or Zn+1 ∼= F E(Nn−1). The second case is excluded because F E(ζn−1) is an almost split
conflation ending at F E(Nn−1)  F E(Nn+1) (since Nn−1  Nn+1). Then, Zn+1 ∼= F E(Nn+1)
and we have an almost split conflation ξn+1 : F E(Nn+1)−→ Mn+1 −→ F E(Nn+1). Now,
E(ζn+1) is a non-split conflation in ExtA(E(Nn+1), E(Nn+1)) and this module is embedded as
a submodule of ExtD(F E(Nn+1), F E(Nn+1)) over the endomorphism algebra, which implies
that there is an almost split conflation ζ ′n+1 : E(Nn+1)−→ M ′n+1 −→ E(Nn+1) in A-mod such
that F(ζ ′n+1) ∼= ξn+1. Since, E(ζn) is an almost split conflation, the indecomposable E(Nn) is
isomorphic to a direct summand of M ′n+1. But if M ′n+1 was indecomposable, we would have
M ′n+1 ∼= E(Nn) and this is impossible because dimk M ′n+1 = 2 dimk E(Nn+1) > dimk E(Nn).
Here we used the inequality dimk E(Nn+1) > dimk E(Nn), which can be proved by induction on
n, using the given exact sequences {ζn}n∈N. Thus, M ′n+1 is decomposable and we can apply (9.2)
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to the conflation ζ ′n+1 to obtain that R(ζ ′n+1) is an almost split sequence (hence R(ζ ′n+1) ∼= ζn+1),
and ζ ′n+1 ∼= E R(ζ ′n+1) ∼= E(ζn+1) is an almost split conflation in A-mod, and F E(ζn+1) ∼=
F(ζ ′n+1) ∼= ξn+1 is an almost split conflation in D-mod. Our induction is now complete.
(2) Observe that if ζ : X −→ L −→ Y is a non-split conflation in A-mod then F(ζ ) is a
non-split conflation of D-mod, because of the observation preceding the proof of (1). Now, if
ζ : X −→ L −→ Y is an almost split conflation in A-mod and we have an isomorphism h :
F(X)−→ τ F(Y ), then F(ζ ) is an almost split conflation inD-mod. Indeed, ζ ∈ socExtA(Y, X),
where ExtA(Y, X) is considered as a right EndA(Y )-module. Since F is exact, full and faithful,
F(ζ ) ∈ socExtD(F(Y ), F(X)), where ExtD(F(Y ), F(X)) is considered as a right EndD(F(Y ))-
module. But then, the isomorphism
h∗ : ExtD(F(Y ), F(X))−→ExtD(F(Y ), τ F(Y ))
maps F(ζ ) onto a conflationζ in the simple socle of ExtD(F(Y ), τ F(Y )); see [8](7.18). There-
fore, the isomorphic conflations F(ζ ) and ζ are almost split conflations in D-mod. Apply this
argument to ζ = ζ1 to obtain that F(ζ1) : F(N1)−→ F(N2)−→ F(N1) is an almost split con-
flation in D-mod. 
Proposition 9.4. Assume that the admissible ditalgebra A is constructible from the generically
tame finite-dimensional basic algebra Λ, over the infinite perfect field k. Then, for any b ∈ N,
almost every indecomposable A-module M with dimk M ≤ b and ExtA(M, M) ≠ 0 admits an
almost split conflation in A-mod of the form M −→ L −→ M.
Proof. Let us call a ditalgebra B almost homogeneous iff, for any b ∈ N, almost every
indecomposable A-module M with dimk M ≤ b admits an almost split conflation in A-mod
of the form M −→ L −→ M .
Assume that A is constructible from the generically tame finite-dimensional basic algebra
Λ. Then, with the notation of (4.2) in mind, we have an isomorphism of layered ditalgebras
ξ : Dz1···zt −→A and the functors
A-Mod F−→D-Mod ΞΛ−→P1(Λ) Cok−→ Λ-Mod,
where F = F z1 · · · F zt Fξ is the composition of the corresponding reduction functors F zi :
Dz1···zi -Mod−→Dz1···zi−1 -Mod, for i ∈ [1, t], and Fξ .
We will show first that the Drozd’s ditalgebra D = DΛ is almost homogeneous. For this,
we use that the ground field is infinite and perfect, thus, from [23](5.3), the algebra Λ is almost
homogeneous.
Fix b ∈ N. Assume that N ∈ D-mod satisfies that dimk N ≤ b and ΞΛ(N ) ∈ P2(Λ). Make
M := CokΞΛ(N ), then from (4.4)(1), we get dimk M ≤ dimk Λ × b. Make b′ := dimk Λ × b.
Since Λ is almost homogeneous, for almost every indecomposable M ∈ Λ-mod with dimk M ≤
b′, we have an almost split sequence of the form M −→ L −→ M .
From [8](7.18) and [8](19.5), we know that D-mod has almost split conflations.
From [8](19.10), [8](18.12) and [8](18.13), for almost every (non-projective) indecomposable
N ∈ D-mod with dimk N ≤ b, the almost split conflation N ′−→ L −→ N in D-mod is mapped
onto an almost split sequence
CokΞΛ(N ′)−→CokΞΛ(L)−→CokΞΛ(N )
in Λ-mod. But dimk CokΞΛ(N ) ≤ b′, thus, almost for every such N , we have CokΞΛ(N ′) ∼=
CokΞΛ(N ). Since N ′ is not injective, the object ΞΛ(N ′) lies in P2(Λ) and, from [8](18.10),
ΞΛ(N ′) ∼= ΞΛ(N ). Thus, N ′ ∼= N . We have shown that D is almost homogeneous.
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Now, recall that the functor F is exact full and faithful, and that it induces an injective
morphism ExtA(−, ?)−→ExtD(F(−), F(?)). Moreover, there is a constant C such that
dimk F(N ) ≤ C × dimk N , for any N ∈ A-Mod. Now, fix b ∈ N. Then, for b′ := C × b,
we know that for almost all M ∈ D-mod with dimk M ≤ b′ there is an almost split conflation
M −→ L −→ M . Recall that, for any N ∈ A-mod with dimk N ≤ b, the functor F induces an
injective morphism of EndA(N )-modules
ExtA(N , N )
F∗−→ExtD(F(N ), F(N )).
Moreover, for almost all N , the EndA(N )-module ExtD(F(N ), F(N )) has simple socle, which
is generated by an almost split conflation ζ ∈ ExtD(F(N ), F(N )); see [8](7.19). Then, the
non-zero module ExtA(N , N ) has also simple socle and the restriction of F∗ to the socles of
both modules is an isomorphism. In particular, there is a conflation ξ : N −→ L −→ N in
ExtA(N , N ) such that F(ξ) = ζ . Then, we can apply (9.1) to guarantee that ξ is an almost
split conflation of A-mod. This ends our proof. 
Proposition 9.5. Assume that B is an initial subalgebra of the admissible ditalgebra A,
over the infinite perfect field k. Assume that A is constructible from the generically tame
finite-dimensional basic algebra Λ. Consider the extension functor E : B-Mod−→A-Mod.
Furthermore, suppose that, for each p in some index set P, there is a sequence {E pn }n∈N
of pairwise non-isomorphic finite-dimensional indecomposable B-modules and almost split
sequences
ζ
p
1 : E p1 −→ E p2 −→ E p1 ,
ζ
p
n : E pn −→ E pn+1 ⊕ E pn−1 −→ E pn , for n ≥ 2,
and also that, for any b ∈ N, almost every indecomposable B-module M with dimk M ≤ b
is isomorphic to E pn , for some p ∈ P and n ∈ N. Then, for any d ∈ N and almost every
indecomposable N ∈ B-Mod with dimk N ≤ d, the extension functor E maps almost split
sequences with final term N onto almost split conflations.
Proof. Let us denote by R : A-Mod−→B-Mod the corresponding restriction functor and fix
d ∈ N. Then, from (5.2), there is a finite family I(2d) of indecomposable B-modules such that,
for any indecomposable A-module M with dimk M ≤ 2d and M  E(N ) in A-Mod, for any
N ∈ B-Mod, the module R(M) is isomorphic in B-Mod to a direct sum of modules in I(2d).
We have already seen in (8.1) that E is an exact functor which preserves indecomposables
and non-split exact sequences.
By assumption, we have a family {Tp}p∈P of tubes in the Auslander–Reiten graph of B-mod,
see [8](32.9), such that almost every indecomposable B-module N with dimk N ≤ d belongs
to one of the tubes. Assume that X1, . . . , X t is a set of representatives of the indecomposable
B-modules in I(2d). Since, dimk E pn+1 > dimk E pn , for all p ∈ P and n ∈ N, we can eliminate
all the tubes which include any of the modules X i , and obtain a smaller family {Tp}p∈P ′ , such
that no X i belongs to any of these tubes and almost every indecomposable B-module N with
dimk N ≤ d belongs to one of the tubes in this smaller family of tubes. Let us denote byM′d the
class of such indecomposable B-modules N , which satisfy that dimk N ≤ d and that they have
an almost split sequence N −→ L −→ N such that N and the indecomposable direct summands
of L are not isomorphic to modules in I(2d). Thus, almost every indecomposable B-module N
with dimk N ≤ d lies in M′d . By assumption, any N ∈ M′d satisfies that ExtB(N , N ) ≠ 0,
thus also ExtA(E(N ), E(N )) ≠ 0. Finally, consider the subclass Md of M′d obtained by the
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elimination of all N ∈ M′d with E(N ) not homogeneous in A-mod. Almost every module in
M′d is in Md , by (9.4). Our final goal is to show that E preserves almost split sequences ending
at any N ∈Md .
We first show that, given N ∈Md , if we consider the almost split conflation in A-mod,
ξ : E(N ) u−→ L v−→ E(N )
then, its restriction R(ξ) : N u0−→ R(L) v0−→ N is an almost split sequence in B-mod. Indeed,
assume first that R(ξ) splits. Then, from (9.2), we know that L is indecomposable. Also,
R(L) ∼= N ⊕ N is not isomorphic to a direct sum of B-modules in I(2d). Since dimk L =
2 dimk N ≤ 2d, by the first paragraph of this proof, we get L ∼= E(H), for some H ∈ B-Mod.
Hence H ∼= RE(H) ∼= R(L) ∼= N ⊕N and L ∼= E(H) ∼= E(N )⊕ E(N ), a contradiction. Then,
R(ξ) does not split and, again from (9.2), R(ξ) is an almost split sequence and E R(ξ) ∼= ξ .
Then, we may assume that in the chosen almost split conflation ξ ending at E(N ), the middle
term has the form L = E(H), for some H ∈ B-mod.
Finally, assume that N ∈ Md and that θ : N f−→ Z g−→ N is an almost split sequence in
B-mod. We shall prove that
E(θ) : E(N ) E( f )−→ E(Z) E(g)−→ E(N )
is an almost split conflation in A-mod. Indeed, we know that E(θ) does not split by (8.1). From
the previous considerations, we have an almost split sequence
ξ : E(N ) u−→ E(H) v−→ E(N )
in A-mod. Then, comparing this sequence with the extension of the previous one, we obtain the
commutative diagram
E(θ) : E(N ) E( f )−→ E(Z) E(g)−→ E(N )
t
 h I d
ξ : E(N ) u−→ E(H) v−→ E(N ).
Then, apply the functor R and compare R(ξ) with the original sequence θ to obtain the
commutative diagram
θ : N f−→ Z g−→ N
t0
 h0 I d
R(ξ) : N u0−→ H v0−→ N
s
 r I d
θ : N f−→ Z g−→ N .
Since g is minimal right almost split, rh0 is an isomorphism and h0 is a section. Similarly, v0
is minimal right almost split, thus h0r is an isomorphism and h0 is a retraction. Hence, h0 is an
isomorphism. It follows that h is an isomorphism, as well as t . Thus, E(θ) ∼= ξ is an almost split
conflation. 
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Corollary 9.6. Assume that B is an initial subalgebra of the admissible ditalgebra A, over
the infinite perfect field k. Assume that A is constructible from a generically tame finite-
dimensional basic algebra Λ. Consider the extension functor E : B-Mod−→A-Mod, Drozd’s
ditalgebraD of Λ and the associated composition of reduction functors F : A-Mod−→D-Mod.
Furthermore, suppose that, for each p in some index set P, there is a sequence {N pn }n∈N of non-
isomorphic finite-dimensional indecomposable B-modules and almost split sequences
ζ
p
1 : N p1 −→ N p2 −→ N p1 ,
ζ
p
n : N pn −→ N pn+1 ⊕ N pn−1 −→ N pn , for n ≥ 2,
and also that, for any b ∈ N, almost every indecomposable B-module M with dimk M ≤ b
is isomorphic to N pn , for some p ∈ P and n ∈ N. For each d ∈ N, define Pd := {p ∈ P |
dimk N
p
1 ≤ d}. Then, for each d ∈ N, almost every p ∈ Pd determines the family of almost split
conflations {F E(ζ pn )}n∈N.
Proof. From (9.5), we know that for each d ∈ N, there is a (possibly empty) finite subset Qd of
Pd , such that E(ζ
p
1 ) is an almost split conflation for p ∈ Pd \ Qd .
From (7.3), we know that there is a constant C such that dimk F E(N ) ≤ C dimk N , for all
N ∈ B-mod. Thus, for p ∈ Pd , we get dimk F E(N p1 ) ≤ C dimk N p1 ≤ Cd. In the proof of (9.4),
we showed that for each natural number almost everyD-module with dimension bounded by this
natural number is homogeneous. It follows that there is a (possibly empty) finite subset Q′d of
Pd , such that F E(N
p
1 ) is homogeneous for p ∈ Pd \ Q′d .
Then, for all p ∈ P \ Qd ∪ Q′d , the module F E(N p1 ) is homogeneous and E(ζ p1 ) is an almost
split conflation in D-mod. Then, we can apply (9.3) to finish the proof. 
10. Parametrizations over principal ideal domains
Proposition 10.1. Let Λ be a generically tame finite-dimensional basic algebra over the infinite
perfect field k. Consider the associated Drozd’s ditalgebra D. Then, for any d ∈ N, there
are constructible ditalgebras A1, . . . ,Am and generically tame minimal algebras of infinite
representation type B1, . . . , Bm , where each Bi is an initial subalgebra of Ai , and bounded
principal ideal domains Γ1, . . . ,Γm , where each Γi is associated to Bi as in (6.8), and a family
of functors Fˆ1, . . . , Fˆm satisfying the following.
1. Each functor Fˆi : Γi -Mod−→D-Mod preserves indecomposability and isomorphism classes,
for any i ∈ [1,m].
2. For almost every indecomposable M ∈ D-Mod with dimension ≤ d there exist i ∈ [1,m] and
N ∈ Γi -mod such that Fˆi (N ) ∼= M in D-Mod.
3. If {Nu}u∈U and {Mu}u∈U are infinite families of pairwise non-isomorphic indecomposable
regular modules in Γi -mod and Γ j -mod, respectively, such that Fˆi (Nu) ∼= Fˆ j (Mu) for all
u ∈ U, then i = j .
4. Each functor Fˆi is given by the following composition:
Γi -Mod
Hi−→ Bi -Mod Ei−→ Ai -Mod Gi−→ D-Mod,
where Hi : Γi -Mod−→ Bi -Mod is the functor of (6.8), Ei is the associated extension functor
and Gi is the composition of the reduction functors associated to the finite sequence of
reductions which transform D into Ai .
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5. For any i ∈ [1,m], adopt the notation of (6.5) with Γ = Γi ; for b ∈ N, denote Pb := {p ∈ P |
dimk E
p
1 ≤ b}; then, for any b ∈ N, almost every p ∈ Pb determines almost split conflations
Fˆi (ζ
p
1 ) : Fˆi E p1 −→ Fˆi E p2 −→ Fˆi E p1 and, for n ≥ 2,
Fˆi (ζ
p
n ) : Fˆi E pn −→ Fˆi E pn+1 ⊕ Fˆi E pn−1 −→ Fˆi E pn .
Proof. Fix a natural number d . We already know that D-mod has almost split conflations
and, from (9.4), for every natural number d, almost every indecomposable D-module M with
dimk M ≤ d is homogeneous.
From (7.6), applied to D, we know the existence of the families of constructible ditalgebras
{Ai }i , of initial generically tame minimal subalgebras {Bi }i , and of functors Fi := Gi Ei :
Bi -Mod−→D-Mod. From (6.8), we have the existence of the bounded principal ideal domains
{Γi }i and the functors Hi : Γi -Mod−→ Bi -Mod. Then, we can define the functors Fˆi as proposed
in item (4).
(1) From (7.6)(1), each Fi preserves indecomposability and isomorphism classes. This is also
the case for the full and faithful functors Hi . Then (1) is clear.
(2) For almost every D-module M with dimension ≤ d , there is N ∈ Bi -mod with
Fi (N ) ∼= M . From (6.8), we know that Hi covers almost every indecomposable Bi -module
with bounded dimension. Then, after the elimination of all those D-modules of the form Fi (N )
where N is not covered by Hi , we remain with almost all D-modules with dimension bounded
by d .
(3) Assume that there are infinite families {Nu}u∈U and {Mu}u∈U of pairwise non-isomorphic
indecomposable modules in Γi -mod and Γ j -mod, respectively, such that Fˆi (Nu) ∼= Fˆ j (Mu),
for all u ∈ U . Then, we have infinite families of pairwise non-isomorphic indecomposable
regular modules {Hi Nu}u∈U and {H j Mu}u∈U in Bi -mod and B j -mod, respectively, such that
Fi (Hi Nu) ∼= F j (H j Mu), for all u ∈ U . From, (7.6)(3), we obtain i = j .
(5) Fix i ∈ [1,m] and apply (6.8) to Hi to obtain the almost split sequences Hi (ζ pn ) in Bi -mod,
for n ∈ N. Then, we can apply (9.6) to Bi and Ai . 
Theorem 10.2. Let Λ be a generically tame finite-dimensional algebra over an infinite perfect
field k and let d be a non-negative integer. Then, there is a finite sequence of bounded principal
ideal domains Γ1, . . . ,Γm and Λ–Γi -bimodules Zˆ1, . . . , Zˆm , which are finitely generated as
right Γi -modules, satisfying the following.
1. The functor Zˆi ⊗Γi − : Γi -Mod−→Λ-Mod preserves indecomposability and isomorphism
classes.
2. Almost every indecomposable Λ-module M with dimk M ≤ d is isomorphic to Zˆi ⊗Γi N, for
some i ∈ [1,m] and some N ∈ Γi -mod.
3. If {Nu}u∈U and {Mu}u∈U are infinite families of pairwise non-isomorphic indecomposable
modules in Γi -mod and Γ j -mod, respectively, such that Zˆi ⊗Γi Nu ∼= Zˆ j ⊗Γ j Mu for all
u ∈ U, then i = j .
4. For any i ∈ [1,m], adopt the notation of (6.5) with Γ = Γi ; for b ∈ N, make Pb := {p ∈ P |
dimk E
p
1 ≤ b}; then, for all b ∈ N, almost every p ∈ Pb determines almost split conflations
in Λ-mod
ξ
p
1 : Zˆi ⊗Γi E p1 −→ Zˆi ⊗Γi E p2 −→ Zˆi ⊗Γi E p1 and, for n ≥ 2,
ξ
p
n : Zˆi ⊗Γi E pn −→(Zˆi ⊗Γi E pn+1)⊕ (Zˆi ⊗Γi E pn−1)−→ Zˆi ⊗Γi E pn .
R. Bautista et al. / Advances in Mathematics 231 (2012) 436–481 479
Proof. We proceed as in the proof of (8.2). First observe that we can assume that Λ is a basic
algebra. The argument to justify this is similar to the one used at the beginning of the proof
of (8.2) and we skip it. Thus we assume that Λ is basic and, since our field is perfect, we can
consider the associated Drozd’s ditalgebra D, the equivalence functor ΞΛ : D-Mod−→P1(Λ)
and the cokernel functor Cok : P2(Λ)−→Λ-Mod.
Fix d ∈ N and apply last theorem to d ′ := (1+dimk Λ) dimk Λ×d to obtain the constructible
ditalgebras A1, . . . ,Am , the pregenerically tame minimal algebras of infinite representation
type B1, . . . , Bm , where each Bi is an initial subalgebra of Ai , and the bounded principal
ideal domains Γ1, . . . ,Γm , each Γi associated to Bi as in (6.8), and the family of functors
Fˆi : Γi -Mod−→D-Mod satisfying (10.1)(1)–(5) for D and d ′.
(1) For a fixed i ∈ [1,m], we claim that the functor ΞΛ Fˆi maps any indecomposable Γi -
module N into P2(Λ). Indeed, from [8](22.7), we have that
ΞΛ Fˆi ∼= ΞΛGi Ei Hi ∼= ΞΛLD(Gi Ei Hi (Γi )⊗Γi −).
Moreover, the Γi –Γi -bimodule Γi is mapped by Hi , which is a composition of Morita
equivalences with restriction functors, onto a bimodule Hi (Γi ) which is finitely generated
projective as a right Γi -module. This is also clear for the bimodule Ei Hi (Γi ). Then,
from [8](22.7), this also holds for Zi := Gi Ei Hi (Γi ). Then, from [8](22.20)(1), the module
ΞΛ Fˆi (N ) is not isomorphic to any object of the form (Q, 0, 0) in P1(Λ), and so ΞΛ Fˆi (N ) ∈
P2(Λ). From [8](18.10), this implies that the following composition
Γi -Mod
Fˆi−→D-Mod ΞΛ−→P1(Λ) Cok−→Λ-Mod,
denoted by L i , preserves indecomposables and isomorphism classes.
For i ∈ [1,m], make Zˆi := Z ⊗D Fˆi (Γi ), where Z is the transition bimodule associated to Λ,
as in [8](22.18). Then, each Zˆi is finitely generated over Γi .
From [8](22.18), we have natural isomorphisms
L i ∼= CokΞΛLD(Fˆi (Γi )⊗Γi −) ∼= Z ⊗D Fˆi (Γi )⊗Γi − = Zˆi ⊗Γi −,
and our statement (1) follows.
(2) Let M be an indecomposable Λ-module with dimk M ≤ d . From (4.4)(2), we get, for an
indecomposable L ∈ D-Mod with CokΞΛ(L) ∼= M , that dimk L ≤ d ′. Thus, from (10.1)(2),
we have that L ∼= Fˆi (N ), for some i ∈ [1,m] and N ∈ Γi -mod. Hence, M ∼= CokΞΛ(L) ∼=
CokΞΛ Fˆi (N ) ∼= Zˆi ⊗Γi N , and (2) holds.
(3) Assume that {Nu}u∈U and {Mu}u∈U are infinite families of pairwise non-isomorphic
indecomposables in Γi -mod and Γ j -mod, respectively, such that CokΞΛ Fˆi (Nu) ∼=
CokΞΛ Fˆ j (Mu), for all u ∈ U . As in the proof of item 1, using that Γi is a principal ideal
domain, hence its finitely generated projective modules are free of finite rank, from [8](22.20),
we obtain ΞΛ Fˆi (Nu),ΞΛ Fˆ j (Mu) ∈ P2(Λ). Then, [8](18.10)(3) implies that Fˆi (Nu) ∼= Fˆ j (Mu),
for u ∈ U . Finally, apply (10.1)(3) to get i = j .
(4) This follows from (10.1)(5) and [8](18.13), after applying the functor CokΞΛ to the family
of almost split conflations Fˆi (ζ
p
i ). 
Remark 10.3. In the context of the last theorem, as a consequence of item (4), we get: for all
p ∈ P , with only a countable possible number of exceptions, we have the family of almost split
conflations {ξ pn }n∈N in Λ-mod. This is of course very weak if the field k is countable.
If k is algebraically closed (countable or not), we have P = P1, because simple modules over
rational k-algebras are one-dimensional, and we recover the situation studied by Crawley-Boevey
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in [13]. In case k is the field of real numbers, we encounter the possibility that some Γi = R[x],
and here the simple Γi -modules have dimension bounded by 2, thus P = P2, and again we have
a nice situation where the whole families of almost split sequences {ξ pn }n∈N appear in Λ-mod,
for almost all prime p ∈ R[x]. The situation in general seems to be more complex.
Remark 10.4. LetΛ be a generically tame algebra over the perfect infinite field k. Then, there are
some important results on the Auslander–Reiten quiver of Λ which can be derived directly from
their well known analogues for algebraically closed fields, using Kasjan’s work. For instance,
see the following.
1. Every connected component of the Auslander–Reiten quiver of Λ has at most a finite number
of isoclasses of Λ-modules for each dimension.
2. For any d ∈ N, almost every indecomposable Λ-module M with dimk M ≤ d is
homogeneous.
3. For any d ∈ N, almost every indecomposable Λ-module M with dimk M ≤ d lies in a
homogeneous tube.
Indeed, to obtain (1): assume that the connected component C of the Auslander–Reiten quiver Γ
of Λ contains Λ-modules {Mi }i∈N with k-dimension ≤ d. Denote by K the algebraic closure of
k and notice that the extension K : k is MacLane separable; see [22](3.1). Then, apply [22](4.4)
to obtain connected components D1, . . . ,Dn of the Auslander–Reiten quiver of ΛK containing
the indecomposable direct summands of all the ΛK -modules {M Ki }i∈N, all of them with K -
dimension ≤ d . Since the Λ-modules in the given family {Mi }i∈N are non-isomorphic, their
extensions {M Ki }i∈N are ΛK -modules sharing no indecomposable direct summands, according
to [22](2.5). Then, one of these components Di contains an infinite number of ΛK -modules with
dimension bounded by d. This contradicts Crawley-Boevey’s Corollary F in [13].
Statement (2) is just Kasjan’s result [23](5.3), and statement (3) follows from the same
argument used in the proof of Corollary E of [13].
These are very strong statements compared with the relative information we obtain in
(10.2)(4). On the other hand, our result keeps track of how the original almost split sequences of
the relevant principal ideal domains behave under the parametrizing functors. We stress the fact
that Kasjan’s (and of course Crawley-Boevey’s) results play an essential role in the discussion of
our Section 9.
Remark 10.5. The study of parametrizations of indecomposable modules of finite-dimensional
algebras Λ over perfect fields is certainly not exhausted. The understanding of the relations
between generic Λ-modules and families of indecomposables is not an easy problem. We have
been able to make some progress for the case of real closed fields, which will appear in [7]. The
case of finite fields, of central importance, seems to be quite more challenging.
Acknowledgment
We thank the referee for his helpful suggestions to improve the writing of this work.
References
[1] I. Assem, D. Simson, A. Skowronski, Elements of the Representation Theory of Associative Algebras, in: London
Mathematical Society Student Texts, vol. 65, Cambridge University Press, 2006.
[2] M. Auslander, I. Reiten, Representation theory of Artin Algebras III, Comm. Algebra 3 (1975) 443–518.
R. Bautista et al. / Advances in Mathematics 231 (2012) 436–481 481
[3] M. Auslander, I. Reiten, S.O. Smalø, Representation Theory of Artin Algebras, in: Cambridge Studies in Advanced
Mathematics, vol. 36, Cambridge University Press, 1995.
[4] R. Bautista, J. Boza, E. Pe´rez, Reduction functors and exact structures for bocses, Bol. Soc. Mat. Mexicana 9 (2003)
21–60.
[5] R. Bautista, E. Pe´rez, L. Salmero´n, On restrictions of indecomposables of tame algebras, Colloq. Math. 124 (2011)
35–60.
[6] R. Bautista, E. Pe´rez, L. Salmero´n, On restrictions of generic modules of tame algebras, Cent. Eur. J. Math. (in
press).
[7] R. Bautista, E. Pe´rez, L. Salmero´n, Generic modules of tame algebras over real closed fields, Preprint, 2012.
[8] R. Bautista, L. Salmero´n, R. Zuazua, Differential Tensor Algebras and their Module Categories, in: London Math.
Soc. Lecture Note Series, vol. 362, Cambridge University Press, 2009.
[9] P.M. Cohn, On a generalization of the Euclidean algorithm, Proc. Cambridge Philos. Soc. 57 (1961) 18–30.
[10] P.M. Cohn, Rings with a weak algorithm, Trans. Amer. Math. Soc. 109 (1963) 332–356.
[11] P.M. Cohn, Free Rings and Their Relations, in: London Math. Soc. Monograph, vol. 19, Academic Press, 1985.
[12] P.M. Cohn, Skew Fields: Theory of General Division Rings, in: Encyclopedia of Mathematics and its Applications,
vol. 57, Cambridge University Press, 1995.
[13] W.W. Crawley-Boevey, On tame algebras and bocses, Proc. London Math. Soc. 56 (3) (1988) 451–483.
[14] W.W. Crawley-Boevey, Tame algebras and generic modules, Proc. London Math. Soc. 63 (3) (1991) 241–265.
[15] W.W. Crawley-Boevey, Regular modules for tame hereditary algebras, Proc. London Math. Soc. 62 (3) (1991)
490–508.
[16] W.W. Crawley-Boevey, Modules of finite length over their endomorphism rings, in: S. Brenner, H. Tachikawa
(Eds.), Representations of Algebras and Related Topics, in: London Math. Soc. Lect. Notes Series, vol. 168, 1992,
pp. 127–184.
[17] V. Dlab, C.M. Ringel, Indecomposable representations of graphs and algebras, Mem. Amer. Math. Soc. 173 (1976).
[18] V. Dlab, C.M. Ringel, A class of bounded hereditary noetherian domains, J. Algebra 92 (1985) 311–321.
[19] Yu.A. Drozd, Tame and wild matrix problems, in: Representations and Quadratic Forms [Institute of Mathematics,
Academy of Sciences, Ukranian SSR, Kiev (1979) 39–74], Amer. Math. Soc. Transl. 128 (1986) 31–55.
[20] N. Jacobson, The Theory of Rings, in: Mathematical Surveys, vol. II, American Mathematical Society, New York,
1943.
[21] N. Jacobson, Finite-Dimensional Division Algebras over Fields, Springer, 2010.
[22] S. Kasjan, Auslander–Reiten sequences and base field extensions, Proc. Amer. Math. Soc. 128 (10) (2000)
2885–2896.
[23] S. Kasjan, Base field extensions and generic modules over finite dimensional algebras, Arch. Math. 77 (2001)
155–162.
[24] H. Krause, J. Stˇovˇı´cˇec, The telescopic conjecture for hereditary rings via Ext-orthogonal pairs, Adv. Math. 225
(2010) 2341–2364.
[25] G. Me´ndez, E. Pe´rez, A remark on generic tameness preservation under base field extension (submitted for
publication).
[26] C.M. Ringel, Representations of K -species and bimodules, J. Algebra 41 (1976) 269–302.
[27] C.M. Ringel, The spectrum of a finite dimensional algebra, in: Proc. Conf. on Ring Theory, Antwerp, 1978, Dekker,
New York, 1979.
[28] C.M. Ringel, Tame Algebras and Integral Quadratic Forms, in: Lect. Notes in Math., vol. 1099, Springer, 1984.
[29] J.J. Rotman, An Introduction to Homological Algebra, Academic Press Inc, 1979.
[30] D. Simson, On representation types of module subcategories and orders, Bull. Pol. Acad. Sci. Math. 41 (1993)
77–93.
[31] D. Simson, Linear Representations of Partially Ordered Sets and Vector Space Categories, Gordon and Breach
Science Publishers, 1992.
